INNOVATION

It sounds a little strange but the most precise
way of measuring a distance is to use a clock.
Time, the quantity most difficult to define,
is the one we know how to measure most
precisely. In fact, the length of the meter is
defined in terms of the length of the second
through the adopted value of the speed of light
in a vacuum. It is this fundamental relationship
(distance = speed X time) that is at the heart
of how GPS works. By measuring the time
elapsed for a signal to propagate from a
satellite to a receiver and multiplying it by
the speed of light, a GPS receiver can
determine the range to the satellite. But
there’s a hitch. Any error in the time-keeping
capability of the receiver’s clock will be
reflected in the computed range. In this
month’s column, Dr. Pratap Misra, senior
staff member of the Massachusetts Institute
of Technology’s Lincoln Laboratory in
Lexington, Massachusetts, will review the
role of the clock in a GPS receiver and the
effect its performance has on GPS position
accuracy.

“Innovation” is a regular column in
GPS World featuring discussions on
recent advances in GPS technology and its
applications as well as on the fundamentals of
GPS positioning. The column is coordinated
by Richard Langley and Alfred Kleusberg
of the Department of Geodesy and Geomatics
Engineering at the University of New
Brunswick, who appreciate receiving your
comments as well as suggestions of topics for
Sfuture columns. To contact them, see page 4 of
this issue, under the “Columnists” section.

As every newcomer to GPS learns, clocks are
at the heart of this technology. The GPS
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satellites carry very precise, ultrastable
atomic clocks costing tens of thousands of
dollars each. The clocks used in most GPS
receivers, however, are of an inexpensive
kind for obvious practical reasons. Most
applications do not ask much of a receiver
clock beyond the ability to maintain a satel-
lite signal in track, which translates into a
requirement on phase noise in the clock sig-
nal. This requirement can generally be met
with a temperature-compensated crystal
oscillator costing in the neighborhood of
$100 or less.

The offset between the receiver clock and
the GPS system clock ensemble is allowed to
change with time without any significant
constraints, though some receiver manufac-
turers control its size by adjusting or steering
the receiver clock. The inexpensive clocks in
receivers make GPS navigation practical,
but, as is well known, introduce a minor com-
plication: There is an additional unknown
associated with each snapshot of measure-
ments, namely, instantaneous receiver clock
offset or bias relative to GPS (System) Time,
the estimation of which requires an addi-
tional satellite measurement. That is why
four satellites are normally needed for three-
dimensional positioning rather than three.

In this article, we try to answer the ques-
tion, What benefits would accrue to a GPS
user with a “perfect” receiver clock? But
before we can answer this question, we must
first decide what we mean by perfect. Obvi-
ously a clock keeping time in synchronism
with GPS Time would be perfect. But that’s
actually a clock with more accuracy than we
need. Consider a clock with a known or pre-
cisely predictable offset at any instant rela-
tive to GPS Time. It’s easy to see that such a
clock would also be perfect — perfectly pre-
dictable. The main requirement is that the
instantaneous clock bias be known somehow.
The problem, as we’ll see, is not simply that
the estimation of the clock bias “uses up” a
measurement, but that it alters the basic

structure of the position estimation problem
in a negative way.

A user with a perfect clock would obvi-
ously be able to continue navigating with
GPS even when the number of satellites in
view falls to three. But that’s the least of it. A
perfect receiver clock can offer significantly
better vertical position estimates, a built-in
test of the integrity of the satellite constella-
tion and the position estimates, and more
robust use of carrier-phase measurements for
precise positioning with easy detection of
cycle slips and quicker resolution of integer
ambiguities. And, it turns out, the benefits
derived from a perfect receiver clock can be
achieved substantially if a clock meets the
simple requirement that its bias relative to
GPS Time changes “smoothly.” The idea is
straightforward: A smooth function is pre-
dictable over a short interval, given the recent
trend.

In the next section, we will look in detail at
GPS positioning with a perfect receiver
clock. We'll follow that with an examination
of the correlations that are observed among
the position and clock bias estimates
obtained from a snapshot of GPS measure-
ments. The results of this analysis are used to
define an approach based on clock modeling
to improve the quality of vertical position
estimates. Finally, we will look at the bene-
fits of a predictable clock in integrity moni-
toring and in carrier-phase processing.

HOW PERFECT IS PERFECT?

Given a snapshot of n GPS pseudorange
measurements (n=4), we can estimate the
four unknowns: the three user position coor-
dinates (x,y,z) and the instantaneous receiver
clock bias (b). We’ll refer to this approach as
4-D estimation. On the other hand, if the
receiver clock bias relative to GPS Time
were known precisely, GPS-based navigation
could proceed by estimating only the position
coordinates. This will be referred to as 3-D
estimation. We know a priori that having one
less parameter to estimate from the measure-
ments should improve the quality of the
remaining estimates. The question is by how
much?

We examine first the quality of the posi-
tion estimates with and without a perfect
clock (3-D versus 4-D estimation) at a root-
mean-square (rms) level. The idea is to base
the comparison on the following relationship:

rms position error = Oz X DOP
where 07, is the rms value of the error in

the user’s pseudorange measurements, and
DOP denotes dilution of precision, a parame-
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ter characterizing the satellite geometry.
Because 0. is the same in both 4-D and 3-
D estimations, we need only compare the dis-
tributions of the DOP parameters in the two
cases. The definitions of HDOP and VDOP
(horizontal and vertical DOPs) in terms of
the observation matrix (4Xn) for the lin-
earized problem of 4-D estimation are well
known (see “The Mathematics of GPS” in
the July/August 1991 issue of GPS World for
a discussion of various DOPs and the lin-
earization problem). For 3-D estimation,
these parameters are redefined appropriately
on the basis of the revised observation matrix
(3Xn) so that the relationship in the equation
above remains valid. We will refer to the
DOPs for 3-D estimation as HDOP3 and
VDOP3 to distinguish them from the estab-
lished notation in the 4-D case.

Figure 1 gives the cumulative (probabil-
ity) distribution functions (CDFs) of the
HDOP, VDOP, HDOP3, and VDOP3 avail-
able to users globally from the 24-satellite
GPS constellation with a 5-degree elevation
angle mask. The VDOPs indeed tend to be
larger than the HDOPs, confirming the
widely held view that vertical error in GPS-
based position estimates tends to be larger
than horizontal error. But the CDFs of
HDOP3 and VDOP?3 tell a different story for
3-D estimation: VDOP3 shows little variabil-
ity, and its values are significantly smaller
than those of VDOP and somewhat smaller
than those of HDOP; and the distributions of
HDOP3 and HDOP are substantially similar.
In other words, a GPS user equipped with a
perfect receiver clock would obtain much-
improved vertical position estimates through
3-D estimation because of the much-
improved DOPs. By contrast, there would be
little gain in horizontal accuracy.

Clearly, the price for estimation of the
clock bias is being paid for almost entirely by
loss of accuracy in the vertical dimension.
But why? And how much of this loss can be
recovered with a practical receiver clock?

CORRELATIONS OF 4-D ESTIMATES
We examine next the relationships between
GPS-based estimates of position (x,y,z) and
clock bias (b) obtained through 4-D estima-
tion. Figure 2 shows scatter plots of errors in
the horizontal and vertical position estimates
versus the error in the corresponding clock
bias estimates computed from GPS pseudo-
range measurements, snapshot by snapshot,
over a day at a surveyed antenna location
using an atomic cesium beam oscillator for
the receiver clock.

Figure 2a is a plot of the errors in esti-
mates of a horizontal position versus the
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Figure 1. The cumulative probability
distribution functions of DOP parame-
ters with (HDOP3 and VDOP3) and
without (HDOP and VDOP) a perfect
receiver clock show that, for a given

O re, Vertical position can be estimated
much more accurately from a snapshot
of GPS measurements if the clock bias
is known a priori.

errors in the corresponding clock bias esti-
mates (in units of length). The scatter shows
no apparent correlation between the two
errors. By contrast, Figure 2b, a plot of the
errors in estimates of vertical position and
clock bias, shows a strong linear correlation.
Clearly, error in the clock bias estimate from
a snapshot of pseudorange measurements is a
good predictor of the error in the correspond-
ing vertical position estimate. This observa-
tion serves as the basis of new algorithms for
navigation and receiver autonomous integrity
monitoring (RAIM) for precision approaches
of aircraft to airport runways.

The observed correlation between the
errors in the estimates of clock bias and verti-
cal position is not a surprise. A change in
receiver clock bias changes all pseudoranges
equally: all increase, or decrease, by a com-
mon amount. The net effect of a change in
user altitude is similar: All pseudoranges
increase, or decrease, but, in general, not
equally. Hence the correlation. Note, how-
ever, that if all the satellites were at the same
elevation angle, a change in user altitude
would indeed change all pseudoranges
equally, and we wouldn’t be able to distin-
guish between the user altitude and the clock
bias.

How can we benefit from this observed
correlation? Obviously, if we were to obtain
somehow a “good” estimate of the receiver
clock bias, we would know the error in its
current snapshot-based estimate, and we
could correct the corresponding vertical posi-
tion estimate. Equivalently, given an accurate



(

&
-
I3
o

100 |- —

o
o
T

o
o
T
1

e
o
oS
T

1

Horizontal position error (meters)
o

150 | 1 . il N ¢
-150 -100 -50 0 50 100 150
Receiver clock bias error (meters)

(b) 150

100 -

n
o

o
T
|

&
o

Vertical position error (meters)

-100 |

_150 1 ! 1 |
-150 -100 -50 0 50 100 150
Receiver clock bias error (meters)

Figure 2. These plots show the scatter of errors in snapshot-by-snapshot estimates
of position and clock bias. Errors in the estimates of (a) horizontal position and clock
bias appear uncorrelated; error in the estimates of (b) vertical position and clock

bias are highly correlated.

estimate of the receiver clock bias, we may
reformulate the problem as one of 3-D esti-
mation with an accompanying improvement
in the vertical position estimate. These results
basically confirm and explain the results of
the previous section.

In general, we cannot expect to know the

true receiver clock bias. But we can estimate
it from GPS measurements over a time
period consistent with the stability character-
istics of the clock. We can conclude from
Figure 2 that the degree of improvement in
the vertical position estimate would depend
upon the quality of the clock bias prediction.

INNOVATION

The horizontal position estimate would be
substantially unaffected. So, the obvious
questions are: How do we estimate receiver
clock bias from the measurements so as to
transform the 4-D problem into a 3-D prob-
lem? and What is required of the clock in
order for this approach to work?

CLOCK MODELING

It is well known that the rms error in clock
bias estimate (in units of length) based upon
a single snapshot of pseudorange measure-
ments is:

0, = Oy X TDOP

where 0, introduced previously, is the
rms error in the pseudorange measurements,
and TDOP is the time dilution-of-precision
parameter reflecting the satellite geometry.
In the presence of selective availability, 07
has been estimated conservatively as
33 meters (the observed value is about
25 meters). For the fully operating GPS
constellation, TDOP usually ranges between
0.75 and 1.25. Taking a typical value of 1
for TDOP, we can easily calculate that
the rms error in clock bias estimated from a
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Figure 3. The stability of different kinds of clocks varies widely. Shown here are the
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from laboratory measurements.

single snapshot of pseudorange measure-
ments is 0, ~ O e =~ 33 meters. In differ-
ential mode, TDOP is unchanged but the
measurement error is significantly lower,
say, Ope =~ 2 meters. The corresponding
rms error in clock bias estimate is then about
2 meters.

If we had available GPS measurements
over a time interval (1, ;) during which the

frequency drift rate of the receiver clock is
stable, we could model the clock bias at time
t simply as a quadratic function

b(t) = b, + b, (t-t,) + b, (t-t,)

and estimate parameters bo, b,, and b2 from
the available measurements. Given &
statistically independent measurement snap-
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Circle 42

shots, the rms error in the clock bias estimate
will be

Oyrg

V(k-3)

~

Oy

Given snapshots of differentially corrected
pseudorange measurements over a 30-minute
interval and assuming a correlation time of 3
minutes (so that we can assume we have 10
independent measurements), then

~ Oure

V(k-3)
2
V(10-3)

0y

~ (.8 meters

If this model were valid for a receiver clock,
we would be able to predict clock bias with
an rms error of about 1 meter, or equiva-
lently, 3 nanoseconds. We will see next how
well these simple calculations check out with
actual measurements.

Figure 3 shows the behavior of several
kinds of receiver clocks as observed in our
laboratory over a 12-hour period. We
included clocks using an atomic cesium
beam oscillator, an atomic rubidium vapor-
cell oscillator, an oven-controlled crystal
oscillator (OCXO), and a temperature-
compensated crystal oscillator (TCXO). The
figure shows 3-second samples of clock bias
estimates in meters for each clock based on
GPS measurements with differential GPS
(DGPS) corrections. The clock bias estimates
were computed using the usual 4-D estima-
tion from the DGPS data, snapshot by snap-
shot. The plots are intended to be repre-
sentative of the typical performance of each
kind of clock. Our purpose is to draw atten-
tion to certain qualitative features of the dif-
ferent clocks rather than to provide specific
quantitative results.

In Figure 3, the excellent frequency stabil-
ity of the cesium oscillator (with a price tag
of about $20,000) is obvious: no frequency
offset or drift is apparent. The rubidium
oscillator (costing from $2,000 to $4,000)
also shows no significant frequency offset,
but signs of a slight drift are clear. Such drift,
however, appears constant over 30-60 min-
utes. The OCXO (costing about $1,000) had
accumulated a small frequency offset (about
1 part in 10%) so that during our test the clock
bias actually changed by about 2 meters per
second on average. We have taken out the
effect of this offset via linear regression and
have plotted the residuals, which show a
clear quadratic trend. The behavior of both
atomic clocks and the OCXO appears consis-



tent with the proposed model: Clock bias is
indeed predictable, given recent data. The
TCXO (costing about $100 or less and com-
mon in many of the low-cost GPS navigation
receivers) had accumulated a frequency off-
set of about 1 part in 10, and its bias changed
by about 200 meters per second on average.
Again, the residuals from a linear regression
are plotted. These residuals, however, are
two orders of magnitude larger than those for
the OCXO and swing widely and wildly. It’s
clear that the TCXO does not exhibit the req-
uisite stability of frequency drift rate, and the
proposed model doesn’t fit. Experience with
several other TCXOs was similar.

How well does the proposed clock model
fit the atomic clocks and the OCXO? For the
OCXO, the answer is given in Figure 4; as
might be expected, the atomic clocks did bet-
ter. Figure 4 gives the postfit residuals for the
OCXO bias estimates shown in Figure 3. At
each epoch, a quadratic model was fitted to
the clock bias estimates obtained over the
previous 30 minutes, and clock parameters
by, b, and b, were estimated. The residual at
each epoch is defined as the discrepancy
between the predicted value of clock bias
based on the fitted model and the actual mea-
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Figure 4. This plot shows the error in modeling a receiver OCXO clock based on
GPS measurements over a moving 30-minute window. The rms clock bias predic-
tion error is about 3 nanoseconds, or in terms of the distance traveled by a radio

wave in such a time interval, about 1 meter.

surement. The rms error in the snapshot-
based clock bias estimates is 1.6 meters; the
rms error in model-based clock bias predic-
tions is less than 1 meter. Both rms values are
consistent with the results of our simple cal-
culations given earlier in this section. Given
that a receiver clock is predictable with an

rms error of | meter, according to Figure 2, a
significant improvement in the quality of ver-
tical position estimates can be effected
through 3-D estimation.

CLOCK-AIDED NAVIGATION
The data presented so far were taken in the
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benign environment of a laboratory. How
would the rubidium oscillator and the
OCXO, which were found to have the requi-
site stability in the laboratory, hold up in an
aircraft environment that is characterized by
vibrations, accelerations, and rapid changes
in temperature and pressure? We have con-
ducted several flight tests to answer this
question.

In the flight tests, a mobile GPS data-
collection system was placed in a rack in a
Beechcraft King Air 200 — a small twin-
engine airplane. The rubidium oscillator sat
next to the receiver, with no provision to iso-
late it from any environmental stresses. The
GPS measurements were recorded as the air-
craft executed a set of approaches. Data were
also recorded simultaneously at a local,
ground-based GPS reference station. Both
data sets were processed postflight to gener-
ate position estimates in both 4-D (snapshot-
based) and 3-D (clock-aided) mode. The
“ground truth” for each flight was obtained
by postprocessing carrier-phase measure-
ments recorded independently by a pair of
GPS receivers, one aboard the airplane, the
other at a surveyed location on the ground.

Figure 5 shows the benefits of clock aid-
ing in two of the flight tests. Shown are errors
in vertical position estimates obtained from
4-D estimation snapshot by snapshot, and
those from 3-D estimation where we have
used an estimate of the clock bias based on
measurements over the previous half-hour.
Clearly, clock modeling offers a significant
improvement. The snapshot-based DGPS
vertical position estimates in both flight tests
show a bias of 0.6 meters, attributed to dis-
crepancies in tropospheric propagation delay
models. As expected, this bias carries over to
the clock-aided estimates. The standard devi-
ation of the error for the snapshot-based ver-
tical position estimates is 1.6 meters in each
test; the corresponding value for clock-aided
navigation is 0.9 meters. Another noteworthy
feature of our results is that clock aiding con-
sistently avoids the peak errors obtained with
4-D estimation. This is important in view of
integrity monitoring requirements in civil
aviation where a large, undetected excursion
from the defined flight path caused by navi-
gation error may be hazardous.

ADDITIONAL BENEFITS

A predictable receiver clock can further ben-
efit integrity monitoring and also aid in the
processing of carrier-phase data.

RAIM. The objective of RAIM is to ensure
that error in a position estimate is not so large
as to compromise the user’s safety. For user
requirements no more stringent than those for
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Figure 5. These results of two clock-
aided navigation in-flight tests show that
vertical position error can be reduced
significantly with clock modeling and
prediction.

nonprecision aircraft approaches (cross-track
accuracy at 95 percent probability of 0.3 nau-
tical miles or 0.56 kilometers), RAIM is
essentially equivalent to ensuring that there
are no significant measurement anomalies.
Faulty measurements must be detected and
excluded from position estimation. A pre-
dictable receiver clock provides the user with
a built-in test for fault detection and exclu-
sion. The premise is that any satellite system
anomalies affecting the user position esti-
mate would affect the clock bias estimate too.
A test would consist of 4-D estimation snap-
shot by snapshot. If the clock bias so esti-
mated deviates from the correct answer by
more than can be explained by user range
error and TDOP, there’s a strong likelihood
that one or more of the measurements is
faulty.

Carrier-Phase Processing. Two important prob-
lems related to carrier-phase processing are
detection of cycle slips and resolution of inte-
ger ambiguities. With a perfect clock, the
detection and repair of cycle slips would be
straightforward. A perfect clock would also
allow us to resolve integer ambiguities within
the finer structure of single differences of
phase measurements at the reference and
mobile receivers, rather than the usual double
differences. As in our earlier discussion, a
predictable receiver clock can offer a signifi-
cant leverage in solving both problems.
Obviously, the accuracy of prediction will
have to be commensurate with the wave-
lengths of signals being processed.

CONCLUSIONS

A receiver clock with predictable behavior
can offer several important benefits to the
user. In practice, the minimum required of
such a clock appears to be that its frequency
drift rate be stable for a long enough period
for the model parameters to be estimated
from satellite measurements. This approach,
referred to as clock aiding, has been found to
be practical. Widespread use, however, must
await development of robust clocks at lower
prices.
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