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ABSTRACT

The standard method of cobtaining the solution to the least-
squares adjustment problems lacks objectivity and can not readily be
interpreted geometrically. Thus far, one approach has been made to
interpret the adjustment solution geometrically, using Hilbert space
technique.

This thesis is still another effort in this respect; it
illustrates the important advantage of considering the parallelism
between the concept of a metric tensor and a covariance matrix. By
splitting the linear mathematical models in the least-squares adjust-
ment (parametric, conditional and combined models) into dual covariant
and contravariant spaces, this method produces diagrams for the least-
squares adjustment and collocation, from which the necessary equations
may be obtained. |

Theories and equations from functional analysis and tensor
calculus, necessary for the analysis of this approach, are described.
Also the standard method used in the least-squares adjustment and the
least-squares collocation are reviewed. In addition, the geometrical

interpretation of a singular weight matrix is presented.
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CHAPTER 1

INTRODUCTION

1.1 Concept of the Least-Squares Adjustment

The Least-Squares criterion is an imposed condition for
cbtaining a unique solution for an incompatible system of linear
equations. The term adjustment, in a statistical sense, is a method
of deriving estimates for random variables from their observed values.
The application of the least-squares criterion in the adjustment
problem is called the Least-Squares Adjustment methoQd.

Since this thesis is closely related to the least-squares
adjﬁstment problem and will actually present a new approach for solving
this problem, let us first have a closer loock at the classical approach
to the least sguares method.

Since its first application to a problem in astronomy by
Gauss in 1795, least-squares adjustment has been applied in a large
number of fields in science and engineering, particularly in geodesy,
photogrammetry and surveying. The practical importance of adjustment
has been enhanced by the introduction of clectronic computer and
reformulation of the technique in matrix notation.

Generally, in the adjustment problems we are dealing with two
types of variables; that is, (a vector of) observations, with a priori
sample values, denoted by 1, and (a vector of) parameters without a
priori sample, denoted by x. These two types of data a have random

-1-



nature. Each type of data is mathematically related by a functional
or mathematical model.

Randomness of observations on one hand calls for redundant
observations, and on the other hand causes the redundant observations
to be incompatible with the mathematical model. 1In other words, a
system of inconsistent equations comes into existence. To remove the
incompatibility of the original set of cbservations with the model,
this set will be replaced by another set of estimates i, of 1 which
satisfies the model. The difference between the two sets, 1 and 1,
is denoted by r; that is,

r=1-1, (1.1)
and is usually called the residual vector.

Due to redundant observations, there would be an infinite
number of estimates of 1. Among all the possibilities there exists
one set of estimates thét, in addition to being consistent with the
model, satisfies another criterion, commonly referred to as the least-
squares principle. This principle states that the sum of squares of

the residuals is a minimum, that is,

¢ = min (rtw r) , (1.2)
r

where W is the weight matrix of the observations, and ¢ is the varia-
tion function. Application of this criterion in the adjustment
problems makes the vector i, as close as possible to the original
observations 1, as well as allowing the relative uncertainty of obser-
vations to be taken into consideration through the elements of the

weight matrix, W.



Where the observations are uncorrelated, the above general

expression will reduce to

¢ = min I W, v: , (1.3)
v i

where W is the ith diagonal element of W and v, is the residual
associated with the corresponding ith cbservation.

The simplest case occurs when the observations are taken to
be of equal precision, in addition to being uncorrelated. Then W

becomes the identity matrix and

T2
¢ =min I (x,) . (1.4)
i=1
This latter case is the oldest and possibly the one which gave rise
to the name "least-squares”, since in this case we seek the "least"
of the sum of the squares of residuals.

It should be noted that the application of the least squares
principle does not require a priori knowledge of the statistical
distribution associated with the observations. All that is necessary
is to have the weight matrix, W, which is related to the covariance
matrix of observations. This latter matrix will be denoted by Cl.

As mentioned earlier, in addition to the observations, the
model may also include other variables (parameters) and numerical
constants. The "solution" is the determination of the vector of
parameters, x, and its covariance matrix, which will be denoted by Cx
(if we are interested in the accuracy of x). Therefore, the solution

of the least-squares adjustment can be interpreted by the following

transformation:



(1, ¢;) o > (%, c) (1.5)

It is important to note that the application of the least-
squares principle in an adjustment problem is possible if the corres-
ponding model is linear. Practically, however we are dealing with
nonlinear models. This obstacle can be removed by replacing the
model with its approximate linearized form. For this purpose Taylor
series expansion is usually applied.

Linearized models can be classified as conditional, para-
metric and combined [see e.g. Vanidek and Krakiwsky, 1981]. The
solution of a linearized mathematical model by least-squares method
is a subject which has been thoroughly treated in the literature
[see e.g. Mikhail, 1976]. This process is reviewed in Chapter 2
of this work.

The classical language used in the explanation of the
least-squares adjustment, although scientifically adequate, lacks
in insight from the geometric point of view, which seems to be a
shortcoming. Least squares adjustment.method, as a technique which
has an extended application in the different fields of engineering,
applied mathematics and statistics, should be interpreted geometrically
to be more useful and understandable to the different users. The
explanation of the least-squares method by geometric language has been
quite helpful in obtaining the solution in very easy ways. Thus far,
an approach has been made to interpret the least-squares adjustment
solution geometrically, usingvHilbert space technique.

Hilbert spaces, as the complete inner product

spaces are more useful than the general Banach



spaces. The geometric meaning of a norm as a generalization of the
length of a vector, along with the completeness and inner product
properties of Hilbert spaces, make it possible for the least-squares
problems in these spaces to be transformed to the minimum norm
problems. These problems can be easily solved by the application of
the projection theorem, which is a generalization of the following
simple theorem in a three dimensional vector space. This theorem
states that among all projections of a vector into a plane (in a
three dimensional space), the orthogonal projection is the closest
to the original vector.

Language and methods of the Banach spaces theories are
quite popular in approximation and optimization problems [see
e.g. Luenberger, 1969; Wells, 1974; Meissl, 1977; Adam, 1980].

The recent geometric interpretation of the least-squares
method can be found in Vanidek [1979], where he considered the
parallelism between the metric aspects of tensor operations and
multidimensional probability measure, and used the duality relation,
between the covariant and contravariant vector spaces, for the
splitting of the observation and parameter vector spaces. Then he
applied these relations in a linear parametric case of adjustment
to construct a diagram, by which all the involved formulae can be
easily obtained.

This method for solving the least-squares problems, in
addition to geometrical interpretability, has.a great advantage over

the previous approach; that is, it is illustrative, which makes it



more interesting from both the scientific and technical points of
view. We note that the projection theorem is imbedded in the
theory of dual spaces.

The extreme ease in obtaining the solution and the ele-
gance and power of the mathematical tool were the reasons for trying
to apply it to more general cases in the least-squares adjustment
and approximation. This thesis is an extension of that original
work onto the conditional and combined cases of the least-squares
adjustment, and on the collocation technique. Least-squares collo-
cation is a method which combines the classical adjustment with
prediction and has applications in different fields of geodesy and

photogrammetry.

1.2 Outline of Treatment

This thesis is written in seven chapters. Following some
introductory remarks in the first chapter, the second chapter is
devoted to describing a metric space with the emphasis on the
properties of complete metric spaces. The purpose of this section
is to relate the Euclidean metric to the rectangular and skew
Cartesian coordinate systems.‘ In this part, vector spaces, normed
and Banach spaces and inner product and Hilbert spaces are defined.
Also, Hamel basis as well as total sets are-mentioned. All the

related theorems are stated without proof.



-In the third chapter the formulation and solution of the
least-squares equations are reviewed. In this part, the terminology
is taken completely from Vanidek and Krakiwsky [1981].

The fourth chapter reviews the meaning of the covariant
and contravariant components of a vector, and the metric tensor from
the geometric point of view, with emphasis on the properties of a
covariance matrix and its inverse, which can be used as metric for
the corresponding spaceé.

In the fifth chapter the properties and principles of the
diagrammatic approach are described using the original example of
Vanicek [1979] and then the diagrams for conditional and combined
cases are developed. Also>in this chapter, the case of a singular
weight matrix is geometrically
interpreted, and finally the use of the diagrams as a way for obtain-
ing the refiexive least-squares g-inverse for a singular matrix is
taken into consideration.

The sixth chapter deals with collocation, and its meaning
is reviewed, and then the corresponding diagram is presented.

Conclusions are presented in the seventh chapter.



CHAPTER 2

SELECTED DEFINITIONS AND CONCEPTS FROM FUNCTIONAL ANALYSIS

2.1 Metric Spaces

2.1.1 Definition of metric spaces

A metric space is a pair (X, d) where X is a set and 4
is a metric (or distance function) on X. The set, X, is usually
called the underlying set of (X, d) and its elements are called
points. The metric can be selected in any way, but it must be
selected in such a way that for all x, y, z € X the following rela-

tions are satisfied:

(a) 4 is real-valued, finite and nonnegative (2.1)
(b) d (x, y) = 0 if and only if x =y (2.2)
(c) d(x, y) = d(y, x) (symmetry) (2.3)
(d) d(x, y) < d(x, z) + d(z, y) (triangle inequality) (2.4)

~ The above axioms are the general conditions for a functional 4 to
be a metric.

In the selection of a practically useful metric, the
particular properties of the space under consideration, and the
relations between its points must be taken into account. For example,
in a vector space which has an algebraic construction; that is,
vector addition and multiplication of vectors by scalars, the

selected metric, to be applicable and useful, must be related somehow



to this aljebraic structure. In these spaces, such a metric can
usually be defined via an auxillary concept, the norm, which uses the

algebraic- operations in the vector spaces.

2.1.2 Complete metric spaces

A sequence (xn), in a metric space (X, d), is said to be

Cauchy if, for every € > 0, there is an N = N(e), such that:

d(xm, xn) < g for every m, n > N. (2.5)
Completeness is an important property, which a metric space
may have. A complete metric space is the one on which every Cauchy
sequence is convergent. In other words, the limit of a Cauchy
sequence on a complete metric space is a point of that space.
In the following, some related theorems and definitions
from functional analysis and particularly from finite dimensional

vector spaces will be presented.

2.1.3 Closure of a subset, dense set, separable set

Let M be a subset of a metric space X. Then a point of
X (which may or may not be a point of M) is called an accumulative
point of M (or limit point of M) if every neighborhood of x contains
at least one point y € M distinct from x. Therset consisting of
the points of M and the accumulation points of M is called the closure
of M and is denoted by M. It is the smailest closed set contining M.
A subset M of a metric space X is said to be dense in X

if
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M= X.

X is said to be separable if it has a countable subset which is

dense in X.

2.1.4 Vector spaces, Linear spaces

A vector space over a field K is a monempty set of elements,
X, ¥, «+.. (called vectors), together with two algebraic operations.
These operations are vector addition and multiplication of vectors
by scalars, that is, by elements of K. Vector addition is commu-
tative and associative. Multiplication of vectors by scalars is
distributive, relative to the addition.

The set of all linear combinations of vectors in a non-
empty subset, S, of a vector space, V, denoted by L(S), is a sub-
space of V containinq S. Furthermore, if W is another subspace of
V containing S, then L(S) is a subspace of W. In other words,

L(S) is the smallest subspace of V containing S. Hence, it is

called the subspace spanned by S.

2.1.5 Linear dependence, independence

The Qectors, xl, Xyr oo xnex, where X is a vector space
over a field K, are said to be linearly dependent over field K, or
éimply dependent, if there exists scalars, aje 50 o-- ae K not
all of them zero, such that:

alxl + a2x2 + ee.. + amxm =0. (2.6)

Otherwise, the vectors are said to be independent.
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2.1.6 Vector spaces of finite and infinite dimensions

A vector space, S, is said to be finite dimensional if
there is a positive integer, n, such that X contains a linearly
independent set of n vectors, whereas any set of n+l or more vectors
of X is linearly dependent. Then, n is called the dimension of X.

If X is not of finite dimension, it is said to be infinite
dimensional.. If X is of finite dimension, n, a set of n linearly
independent vectors, e, is called a base for X. If e = [el, €yt een
en] is a basis for X, every x € X has a unique representation as a
linear combination of the base vectors:

x = ae, + ae, + iee. + anen . (2.7)

For instance, an n-dimensional Euclidean space-En has a base

e, = (1, o, Q, veey 0)
e, = (0, 1, 0, ¢c., 0)

(2.8)
en= (0, 0' 0' e e o l)

which is called a canonical basis for En.

More generally, if X is any vector space, not necessarily
finite dimensional, and B is a linearly independent subset of X
which spans X, then B is called a base (or ﬁamel base) for X. Hence
if B is a base for X, then every nonzero x € X has a unique
representation as a linear combination of (finitely many) elements of
B with nonzero scalars as coefficient. Every vector space X #[0]

has a base.
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All the bases for a given (finite or infinite dimensional)
vector space X have the same cardinality. This number is n, the

dimension of X.

2.1.7 Normed spaces, Banach spaces

A normed space, X is a vector space with a norm defined
on it. A Banach space is a complete normed space (complete in the
metric induced by the norm). Here a norm on a vector space is a
real valued function on X whose value for x € X is denoted by l(xll,

and which has the following properties:

(@ ||x]]| >0 (2.9)
m) ||x]] = 0 <=======>x=0 (2.10)
) [lox|] = |a] []|x]| (2.11)
@ [lxeyl] < [[=]] + [lvl] (2.12)
The metric, d, induced on X by the norm is given by
a(x, y) = ||x-y||. (2.13).

2.1.8 Completeness theorem

Every finite dimensional subspace of a normed space is
complete. In particular, every finite dimensional normed space is

complete.

2.1.9 Closedness theorem

Every finite dimensional subspace of a normed space is

closed in that space.
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2.1.10 Inner product spaces, Hilbert spaces

An inner product space is a vector space with an inner
product defined in it. A Hilbert space is a complete inner product
space, complete in a metric induced by the inner product.

An inner product, <x,y>, on a vector space, X, defines a
norm as:

x| = <x,x? . (2.14)

The metric induced by the inner product is of the following form:

ax, y) = ||x-y|] = <x-y,x-y>172. (2.15)

If with such a metric, the corresponding inner product space is
compiete, then it is a Hilbert space. From equation (1.15), it is

clear that:

a(x, 0) = <x, 0% = [[x]]. (2.16)
Also, it is evident that the square of the distance between two
points (vectors), x and y, is equal to the scalar product (x-y)
with itself. For example, consider the Banach space, Zp, where
p > 1. By definition each element in the space,_kp, is a sequence

of‘e;ements X = (gi) = (gl, 52, ...), such that: lgllp + IEle +....

converges; thus

o
X Igilp <o  (p>1, fixed), (2.17)
i=1
and the metric is defined by
ax, ) = (£ |g,-n,|DYP. (2.18)
i=1 1 1

Or, in real space
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N ~8

d(x, v) =( Isi—ni] pyl/p (2.19)
1

1

In the case of p = 2, we have the Hilbert sequence space,
2 . X . . .
1 . This space is an Hilbert space with inner product defined by
-]
<x,y> = L £&.,n. (in real space) (2.20)
i'i
i=1
For (i = 1, 2, 3) this space is Euclidean E3.
We know from elementary analytic geometry that if a
rectangular Cartesian coordinate system is used, then an inner

product can be defined in the three dimensional Euclidean space E3

by

w

<X,y> = .2'- Eini (2.21)
i=1

and the corfeséon&ing metric is defined by

3
axy) = <xy, xp 2= (1 (gm0 H Y2 (2.22)
i=1
or
2 3 2
' x,y) = T (E,-n))7 (2.23)
i=1

where Ei and ni are the components of the vector x and y respectively.

"The metric is called The Euclidean metric.
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In the non-geometric sense, however, instead of the orthogona

coordinate axes we will have an orthogonal base, which is a total set

(or fundamental set) in a finite dimensional vector space.l

elements of this set have norm 1,

If the

this base is said to be orthonormal.

As a consequence, every Hilbert space has a total orthonormal set.

2.2 Linear Operators

2.2.1 Definition of linear operators

A linear operator, T is

an operator‘such that:

(a) the domain, D (T), of T is a vector space and the range, R(T),

lies in a vector space over the same field;

(b) for all x, y € D(T) and for all scalars:

T (x+y) ™ + Ty

T (ax) aTx,
(Tx and Ty stand for T(x) and
By definition, the null
N(T), is the set of x € D(T) such
N(T) is a vector space. Clearly,
another space Y 1is restricted to

If D(T) is the whole space, X, it

1 A total set in a normed space X

dense in X.

(2.24)‘
(2.25)
T(y)).
space {or kernel) of T, denoted by
that Tx = 0. It can be shown that
a wapping T from a space X onto
D(T) and R(T); in other words,

can be written as

is a subset MCX whose span is

Accordingly, an orthonormal set in an inner product

space X which is total in X is called a total orthonormal

set.



_16_

T: X ——————— > Y (2.27)
As an example, consider the equation, y = A x, where A = (aij) is a
real matrix with r rows and n columns which defines an operator from

an n-dimensional Euclidean space onto an r-dimensional Euclidean space;

T: E === > Er, by means of, (2.28)
y =AX

T is linear since matrix multiplication is a linear operation.

2.2.2 Bounded linear operator

Let X and Y be normed spaces and T: D(T) ----> Y a linear
operator where D(T)C X. The operator, T, is said to be bounded if

there is real number, C, such that for all x € D(T)

[{rx|| < c|[|x]] (2.29)

The norm of operator T can be obtained by

[lT]] = sup Hrxl] (2.30)
xeD(T) ||x||
x#0
or,
[IT|| = sup ||Tx]| (2.31)
xeD(T)
| =] |=1

The operator, T, defined by a real matrix in the above example is a

- bounded linear operator.
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1.2.3 Finite dimension theorem

If a normed space is finite dimensional, then every linear

operation on it is bounded.

2.3 Linear Functional

2.3.1 Definition of linear functionals

A linear functional, £, is a linear operator with domain in
a vector space, X, and range in scalar field K of X; thus

"f: D(f) =----> K. (2.32)

2.3.2 Bounded linear functional

A bounded linear functional, £, is a bounded linear operator
with range in the 'scalar field of the normed space, X, in which the

domain, D(f) lies.

2.4 Dual Spaces

—————aes ——

2.4.1 Definition of dual spaces

The set of all linear functionals on a vector space, X,
can itself be made into a vector space. This space is denoted by
X*, and is called algebraic dual space of the space X ximply because
there is no topological structure on it and on the primal vector
space. For example, there is no norm nor metric, which would allow
the definition of analytical or topological concepts, such as

convergence and open and closed sets, to be possible.
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In the case of a normeéd space, the set of all bounded linear
functionals on it constitutes a second normed space, which is called
the dual space of the primal space, and is denoted by X'.

The interrelation between a normed space and its dual
space has an interesting consequence in the optimization problems.

For example, if the problem in the primal space is a maximation

problem, the problem in its dual space will be a minimization problem.

2.4.2 Dual bases
In this section the concept of bases (or coordinate systems)
will be used to show the relation between a wvector space and its

dual space. In this respect the following theorems are mentioned.

(a) Theorem 1

If X is an n-dimensional vector space, [xl, Xyr oo xn]
is a basis in X, and if [al, Ay ...,an} is a set of n scalar, then
there is one, and only one, linear functional, £, on X such that

£(x) = aj, for i =1, 2, ...; n.

(b) Theorem 2
If X is an n-dimensional vector space and if x = [xl, Xye
ooy xn] is a basis in X, then there is a uniquely determined basis

= i * i = s
xX* [fl, £ ceey fnl in X* with the property that fj(xi) Gij'

2'

consequently, the dual space of an n-dimensional space is n-dimensional.

The basis X* is called the dual basis of x.
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(c) Theorem 3

Iif x, and x, are two different vectors of the n-dimensional
vector space X, then there exists a linear functional, £, on X such
that f(xl) # f(xz) or, equivalently, to any non-zero vector, X, in X
there corresponds an f in X* such that f(x) # 0. Of course, all
of these theorems are related to algebraic dual spaces. The set of
all linear functionals on X* (dual to vector space X) is called
second dual space of X and is denoted by X**, thus X** = (X*)*. To
each x € X there corresponds a g € X**. This defines a mapping

C: X —-—=—- > X** , (2.33)

where C is called the canonical mapping of X into X**. If C is
surjective (hence bijective)z, so that R(C) = xt*then X is said to
be algebraically reflexive.

It can be shown that a finite dimensional vector space,
X, is algebraically reflexive. The following theorem, in relation
to dual spaces, is of interest.

"The dual space, X', of a normed space, X, is a Banach

space (whether or not X is a Banach space)".

A mapping T is injective or one-to-one if every x
xl # x2 implies Txl # Txo

s X ED(T)'

1" 2

T: D(T) ----> Y is surjective, or a mapping of D(T) is onto Y
if R(T) = Y
T is bijective if it is both injective and surjective.
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2.4.3 Annihilator
If M is a non-empty set of a normed space, X, the annihilator
M® of M is.defined to be the set of all bounded linear functionals on
X which are zero everywhere on M. Thus M is a subset of dual space
X' of X. It can pe shown that M® is a vector subspace of X' and is
closed. If M is an m-dimensional subspace of n~dimensional nofmed

space X, M" is an (n-m) dimensional subspace of X'.

2.5 Projection Theorem

2.5.1 Orthogonality

The propérty of orthogonality which exists in Hiibert
spaces has made these spaces simpler and richer than the general
Banach spaces. This pioperty is used in the definition.of the
projection theorem, which is the wmost important in this context

from the functional analysis view.

2.5.2 Explanation of the projection theorem

If Z is a closed subspace of a Hilbert space H, then
corresponding to any vector x € H there is a u?ique vector z ¢ Z
such that ||x-z°||§Jlx-z|| for all z € 2. Furthermore, a necessary
and sufficient condition that z € Z be the unique minimizing vector
is that x-z be orthogonal to 2. z, is the best approximation or
solution for x in Z.

Note that the closeness of the subspace 2 guarantees the

existence of z i therefore, finite dimensionality of 2 is a
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sufficient condition for zg to exist (see also figure (2.1)).

2.5.3 ‘Orthogonal complement

Given a subset of a inner product space, the set of all
vectors orthogonal to S is called the orthogonal complement of S
and is denoted él. Clearly if S consists of only the null vector
its orthogonal complement is the whole space.

An important point: An orthoganal complemeﬁt can be taken
as an annihilator (see 1.5.4).
For any set S, Slis a closed subspace; also Sc:leE where Slj-is the
orthogonal complement of SJT
If S is a closed subspace of a Hilbert space H, then S = § .

In a normed space, the notion of orthogonality can be introduced

through the dual space.

2.5.4 Dual spaces and orthogonality

The vector x € X and x' € X' are said to be orthogonal if
<x, x'> = 0. In a Hilbert space the linear functionals are generated
by the. elements of the space itself, which implies that the dual
of a Hilbert space X is X itself. The above definition of orthogon-
ality can be regarded as a generalization of the corresponding
Hilbert space definition.

By this definition it is clear that the orthogonal comple-

ment of a subset of a normed space is its annihilator.
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2.5.5 Minimum norm problem and dual space

Let X and Y be two vector spaces ana let y = A x be a
linear transformation between the elements y € Y _and X € X, where A
is a matrix. From the transformation, we can say that the columns
of matrix A span a closed subspace in Y. A vector y € Y can be
projected in infinitely many ways into this closed subspace. These
projections are different vectors with different norms. The minimum
norm problem is actually that of finding the orthogonally projected
vector among these projections. Figure 2.1 is the geometrical
visualization of the problem in a three dimensional space, where
the above mentioned closed subspace is indicated by 2 and,zoe Z [see
Adam, 1980]. The minimum norm problem, geometrically, is a general-
ization of this elementary gecmetrical problem.

In Figure 2.1 we can see that the closest vector to y‘in
Z is the one for which.the distance of point y from Z is of minimum
length. Therefore finding the minimum norm solution (best approxi-
mation) of the equation y = Ax will result in finding the minimum
n&rm vector between the set of vectors whose norms are equal [[y-Axll
when Ax varies over the closed subspace spanned by the columns of
the matrix A. The above mentioned set of vectors are called error
vectors. In a general normed space many error vectors may have the '
property of minimum norm. In a Hilbert space, however, the unique-
ness of the solution is available and the solution satisfies an
orthogonality condition. The square of the distance of a point y,
in this space, from a closed subspace can be qbtained by scalar prod-

uct of the orthogonal error vector with itself.
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Figure 2.1. Illustration of Projection Theorem in
a Three Dimensional Space
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In the next section 6f this chapter we will see that
finding the minimum distance mentioned above is a problem which
can be solved in the dual space.

Also, it is clear from Figure 2.1 that finding the best
approximation for the vector y in the subspace Z and finding the
minimum distance from a point y € ¥ to Z, are two equivalent problems
in the sense that one of these problems is solved, the other is

automatically solved.

2.5.6 Dual spaces and least squares

Before proceeding with this topic, the following lemma
is worth noting:
LEMMA: Existence of a functional
"Let Z be a proper subspace of an n-dimensional vector space Y,
and let y € Y-Z. There exists a linear functional, £, such that
fo(y) =1 and £(z) = 0 for all z € Z."
In a normed space, this lemma may be restated as:
"Let Z be a proper closed subspace of a normed space Y. L

be arbitrary and let

6§ = Inf ||z-y|]|. ' (2.34)
zeZ '

be the distance from y to Z. Then there exists an foe Y such that

[|fo|| =1, £ (z) =0 forallze3z, £y =3$. (2.35)

To visualize this lemma in three dimensional space, let us

once again take Figure (2.1) into consideration. This time, however,
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a vector fo with unit length is added to the figure, drawn from the
origin (point 0), and orthogonal to the Z plane, (see figure (2.2)).

The set of error vectors is given by

{z-y}
and the length of an error vector by

[z-y]|
The shortest length, which is the distance between the point y and
plane 2, is

§ = 1nf ||z-y|| (2.36)
2e2

This distance belongs to the error vector which is perpen-
dicular to the Z plane, and is thus parallel to the vector gs‘.lnner
products of fo and all z € Z are equal to zero. The problem of the
least squares in a system of incohsistent equations, y = Ax, where:
x and y are elements of two normed spaces, X and Y, is finding an

x € X which satisfies the relation

||ax-y||= Inf | |ax-y]] (2.37)
x

As mentioned in the previous section, for some vector y € Y the form
{Ax-y}, where x is a variable vector, would show a set of error
vectors. The norms of these error vectors are comparable to the
distances of the point y € Y from the subspace Z in Figure 2.1. As
shown, the shortest distance is the one for which the corresponding
vector z-y is orthogonal to the subspace Z.

According to the above lemma and the definition of the

dual basis (2.4.2, theorem 2), the set of orthonormal vectors which
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Figure 2.2. 1Illustration of a Linear Function
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constitute the dual basis, are indeed the linear functionals (as
elements of dual space of Y) for which fo(y) =§ (see formula (2.35)).
The understanding of the use of dual spaces in least-squares problem
needs some geometrical visualization, since one is dealing with
two spaces, in the sense that in this approach the orthogonal comple-
ment of a subspace of a space, is a subspace of the dual space.

The fact that the solving of a least squares problem in a
vector space can be converted to the problem of finding the shortest
distance in its dual space has a surprising consequence, which

plays the main role in this thesis.



CHAPTER 3

FORMULATION AND SOLUTION OF THE LEAST-SQUARES PROBLEM - A REVIEW

In the adjustment two types of data are considered:
observations and parameters. Both types of data are related through
a mathematical model. Mathematical models, from the point of view
of their solutions, can be categorized in three classes; unique,
undetermined and overdetermined, depending‘whether the number of
parameters is equal, greater than, or less than the number of obser-
vations respectively [see Vanidek & Krakiwsky, 198l]. In the
following, the formulation and solution of overdetermined models is

reviewed.

3.1 Formulation of Least-Squares Problem

The general form of the mathematical model is:

f(x, 1) =0 (3.1)
where x and 1 stand for parameters and observations respectively.
The randomness of data causes the problem to have no solution. This
simply means that the mathematical model (3.1l) has inconsistent
equations, and reformulation of the model is necessary to remove

these inconsistancies. Accordingly, equation (3.l)becomes

£(x, i) ===> f(x, l+4r) = 0 (3.2)

-28-
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where the corrected (estimated) observations, 1, are the estimates
~
of the expected values 1.
To simplify the solution, the above model is normally
approximated with the linear part of a Taylor series expansion,
whether the model is linear or not. The result of this approximation

is given by:

A 88 + B r + w =0 (3.3)
mxu uxl mxn nxl mx1l

where
(o) (o)
of 1x I |x _ e @ (o)
A ax Il(o)' B 31 Il(o)l w = f( ’ 1 )’ (3.4)
6§ = x-x(o), r = 1-1(°)
(o) (o) . s
and x , 1 are points of expansion and are two vectors of approx-

imate values of the unknown parameters and observed values, respectively.
The dimensions are given by m, the number of equations, u, the

number of unknown parameters, and, n, the number of observations.
Equation (3.3) is the differential form of the original non-linear
mathematical model. Figure 3.1 depicts the linear relation »f the

(o)

quantities in the neighbourhoods of x(o), 1 and w.

3.2 Metricizing of the Spaces Involved in the Problem

We observe from Figure 3.1, that in equation (3.3) we are:
dealing with three spaces. These spaces are called observation,
model and parameter spaces. In the case that we do not have any a

priori information about the parameters, the elements of the
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Figure 3.1 Spaces Inovlved in a Combined Model
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parameter space are dependent absolutely on the elements of the
observation space. The model space is a tool, or medium, which
links the parameters to the observations.
As we know, adjustment problems are closely related to
probabilities. However, least-sguares, in its general definition,
does not have any relation with probability. 1In the following dis-
cussion, the relation between least-squares adjustment and probability
measure is considered.
Recall that a matric in a space is a distance function,
that is, a tool for'measuring the distance between two points in
that space. Also we know ;hat the elements of the covariance matrix
and their inverses give us some probabilistic information about the
observations. Therefore using the inverse of the covariance matrix of
the observations‘as a metric iﬂ the observation space implies that we
are measuring the distance between the points of observation space
by a probabilistic tool. For example, if ¥ is a vector in the observa-
tion space and if this space has been metricized by C;l (inverse of
the covariance matrix of observation) then we will have
2 -1->
ell"= 2% .
In the case.where we do not have any a priori information
about the parameters, the metric of this space is induced by the metric
of the observation space, via the model space. The covariance of the
model space can be determined before the least-squares problem is solved.
This can be done by the application of the covariance law to the
equation of the misclosure vector;
w=£x©, 100, (3.5)

which yields
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-1 _ 3f . 3fT _ T
Cw =M =3 C2 3L - BClB (3.6)
where cl = Cr is the covariance matrix of the observations. Also

the term ATMA will be denoted by N.

As we will see later in this chapter, the covariance matrix

of the estimated values of the parameters is of the form:

c, = N1 = (a” (ec ") B VI S N & X))

3.3 The Solution to the Least-Squares Problem

The purpose of the solution in.the adjustment problem is to
find the most probable values (3, §) for § and r by minimizing the
length of the vector r. To do this, either the length of r can be
minimized in L (observation space) or the length of its projection,

r = Br., (3.8)
can be minimized in F (model space). The first case leads to

min (rTC-lr) (3.9)
r
S, r

while the second case corresponds to

min (roc_'%) (3.10)
S, r r

Using the second approach, the linearized model becomes

r=-(aé + w (3.11)

Note that the formulation in F allows for the rewriting of
the minimum condition directly in terms of §. Solution for T in

equation (3.10), from equation (3.11l) yields:

min (r1C_7) = min ((a8+w) Tc L

§, r r S, r r

(AS+w) ). (3.12)
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Formulation in L does not allow this direct substitution and thus
has to be treated differently.

Because matrix B is usually a rectangular matrix, by
minimizing the residual vector in the model space we can not obtain
;. Therefore the soiution must be done in the observation space.

The solution is obtained by minimizing the following function:

¢ = ricplr + 2kT (A8 + Br + w) (3.13)

instead of rTC;lr. This function is called the variation function,
where k is an undefined vector from the model space called the vector
of Lagrange correlates.

After taking the partial derivatives of the above equations

with respect to r, § and k and equating them to zero we obtain:

c;lf +8Tk = 0 (3.14)
ATk = 0 (3.15)
AS + Br + w =0, (3.16)

After solving the above system of equations we obtain:

5 = -(a"(sc_8") 17t AT(BchT) "Ly (3.17)

or,
§ = -N ‘aTMw, , (3.18)
or, NS + u = 0, where u = A?Mw (3.19)

(M, N were previously defined in equations (3.6) and (3.7)).
Equations (3.19) are called the least-squares normal equations.

Also

F )
]

(BCrBT) “1ias + w (3.20)

or

>

M(Ag + w) (3.21)

=
1}
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t =-c_8'R = -chT(BchT)'l(As‘w) , (3.22)
or,
r =—chT(M A N 1alerv= chTL v, (3.23)
where _
L=MaN1aTy-m (3.24)
and finally,
2=x 48 (3.25)
1=1+r1. (3.26)

Equations (3.25) and (3.26) are the least squares estimates
of the unknown parameters and the observations, respectively. From
equation (3.25), after application of the covariance law, we obtain

c, = (v 12Ty M i AT T, (3.27)

as mentioned earlier in this chapter ATMA =N, therefore

-1 _ T T,-1 .-
Cx =N = [A (BCrB ) "A]

1
= CG. (3.28)

Note that x(O)

is a constant vector and thus its covariance matrix
is the null matrix.

The statistical evaluation of the solution (8§, x) requires
that, the covariance matrices of these results be determined. However
these do not have anything to do with the subject of this thesis, so
the determination will not be reviewed. |

Two particular cases, that is, when the first design matrix

A equals zero and when the second design matrix B equals to -I

(-identity matrix) bear particular names: conditional and parametric
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cases, respectively. For the solution in the parametric case, there
is no need to use the Lagrange correlates, the solution can be
obtained directly by minimizing rTc;lr. We shall say more about
these cases in Chapter_S.when their diagrams are presented.

Before ending this chapter, it is necessary to mention how
to handle the effect of non-linearity arising from replacing a non
linear model by its linear approximation. It has been shown by
Pope [1974] that the non-linear solution can be arrived at by a
series of repeated linear solutions. The linearized model, at the nth
iteration, is given by

(n)  (n+l)__(n)

aM )+ M) (oD _ )y e ) i (nd_ g (3.20)

where (x(n), l(n) (n)

B(n) are evaluated at this point of expansion (see Figure 3.2).

) is the latest point of expansion, and A and

The iterations should be carried out until two successive

increments (G(n) and 6(n+l)

) are zero, to some practical limit.

In the implicit non-linear model both parameters and obser-
vations are subjected to updating because the model is non-linear in
both quantities. Models explicit in 1 need be iterated only in 1, in
the same way as the paramétric models are iéerated in x.

It is clear that the method of least-squares does not have
anything to do with the iteration procedure and is applied only within
each iteration and on the linearized set of equations.

It should be noted, however, that the residual vector r

consists of statistically dependent and statistically independent com-

ponents (see Chapter 6). In the above review, only the statistically
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Figure 3.2. Iteration of a Linearized
Implicit Model
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independent component of the residual vector was considered. A
review of the two components adjustment is given in Chapter 6, where

the concept of collocation is taken into consideration.



CHAPTER 4
TENSOR STRUCTURE AND THE LEAST SQUARES
4.1 Introduction

In chapter 2, the dual spaces and dual bases as well as
éheir relation with the least-squares problems were described, from
the functional analysis and particularly from the finite dimensional
vector spaces points of view.

In the following, the fact that covariant and contravariant

component spaces of a vector space are dual to each other is proven.

4.2 Covariant and Contravariant Components of a Vector

In order to prove the duality relation between covariant
and contravariant vector spaces, we consider the following figure
from Hotine, [1969] (see Figure 4.l1) and review the concept of
covariant and contravariant components of a vector OP in a skew two
dimensional space.

In a rectangular Cartesian coordinate system, the square
of the length of a vector can be obtained by the summation of its
squared components along the coordinate axes. The length of a
vector does not depend on the origin of the coordinate axes, whereas
the coordinates of a point are dependeht on that point.

In a skew Cartesian system, if the point, O, of vector OP

is taken as the origin of the coordinate system, the coordinates of

-38-
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Lo T R e S,

Figure 4.1 Covariant and Contravariant Components
of a Vector in a Two Dimensional Skew

Cartesian Coordinate System
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point P will be actual lengths along the coordinate axes. In such
a system it is still possible to specify the vector OP by its
orthogonal projections, 0Q, OR onto the coordinate axes (see figure
4.1).

The lengths OQ and OR are called covariant components of

the vector OP and are obtained by:

L

1 0Q = OP cos el

(4.1)

L

5 OR = OP cos 62

We can see that the length of OP can not be obtained by the sum:

2

2
ll + 22

Alternatively, OP could be specified by taking the skew
coordinates 0S, OT as components, which are called the contravariant
components of OP, and are obtained from

Zl

0s OP sin 92/51n (el+92)

(4.2)
2 = oT

OP sin Gl/sin (61+62).

The square length of OP cannot be obtained from (ll)2+(2.2)2
either, but with both (4.1) and (4.2) we get

1 2 2
2 zl + 2 2,2 = OP (4.3)

According to the definition of linear functional (1.3), it
is clear from formula (4.3) that if we consider the covariant and
contravariant components of a vector as elements of two different
spaces, then one is the set of all linear functionals . on the
other. It is also clear from the definition that skew éoordinates

play the role of covariant components.
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The above mentioned Cartesian systems (rectangular and
skew), are particular cases of the general form in which the
coordinate axes are curvilinear and their directions are not
parallel to the directions of the corresponding coordinate lines
at other points.

In a rectangular coordinate system it is possible to
specify a vector in a curvilinear coordinate system. In addition,
the space itself may be curved, like the surface of a sphere in two
dimensions. In this case the space can only be described in curvi-
linear coordinates.

A curvilinear coordinate will no longer necessarily be an
actual length measured along a coordinate line in the case of
Cartesian coordinates, although length- and coordinates must
obviously be related in some way, since a displacement over a
given length in a certain direction must involve a unique change
in coordinates. The relation, which may vary from point ‘to point,
is expressed by the metgic or line element of the_;pace.

To show the relation between the displacement over a
given length in a certain direction and the corresponding change

in the coordinates the following formula is used:

ds? = g ax® a®. (4.4)
rs

. . 2,
Because dxrdxs is two times contravariant and ds is an
invariant, then according to the quotient law (see e.g. McConnell,

{1957]1), g must be a two times covariant tensor.
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The tensor 9. is called the metric tensor and has all
the properties of a metric; that is, it is positive-definite and
symmetric. Only in this way can formula (4.4) represent the
sduare of a real element of length.

In a three dimensional vector space g, can be represented
by a 3 x 3 matrix, in which six of the nin~» elements may have differ-
ent values. In this matrix the diagonal elements give the squarex
of the scale factors along the three coordinate axes, and off-
diagonal elements are functions of the angles between the coordinate
axes. More precisely, the diagonal elements are the scalar products
of vectors along the coordinate axes with themselves where the |
vectors represent a displacement of one unit in terms of the
poordinate system and off-diagonal elements are scalar products-of
these vectors with each other. Clearly in the Euclidean system
the off-diagonal elements of the matrix g are zero, and the diagonal
elements are equal to one. That is:

9.5 = Grs (Kronecker delta)

4.3 Relation Between Covariant and Contravariant Components of a

Vector

In Figure 4.1 we can see that the covariant components of
a vector in Cartesian coordinates are some lengths along the coor-

dinate axes. For a unit vector £ we have, from (4.4) :
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also by (4.3) for such a vector in the same system of coordinates

we have,

2L =1 (4.6)

If these equations are to hold for all directions at a point, that
is, for arbitrary values of the contravariant components £, we

must have

r
8 =g 2 . (4.7

This férmula is in agreement with our earlier discussion about the
dual spaces and the relation between their elements (see 1.4). As
we know, if in a vector space, we define a set of vectors as the

v basis or coordinate axes, we can get the set of all linear function- .
als on that space. This set of functionals constitutes another
vector space; which is called thevdual‘space of the primal vector
space. This formula is another illustration of the duality rela-
tion between covariant and contravariant spaces.

Obviously corresponding to a basis (or a coordinate system)
in a covariant vector space, there is a basis in the contravaiiant
space, such that these bases are reciprocal (see e.g. Spiegel,
[1959]). In tensor analysis, this basis would be introduced and
characterized by a tensor which is called the associated metric
tensor. From this it is possible to obtain the contravariant
components of a vector from its covariant components by the

formula:

¥ =97 2 (4.8)
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where grs is the associated metric tensor (a two times contravariant
tensor).

It can be shown that the once contracted product of the
metric and the associated metric tensors equals to the Kronecker
delta (see e.g. Vaniek, [1972]). This is another illustration of

the duality of the two space.

4.4 Transformation of Vectors

In (4.2) it was mentioned that in a three dimensional rec-
tangular coordinate system, for instance, it is also pos;ible to
shcw coordinates of a point with respect to an orthogonal curvi-
lineAr coordinate system.

Let us assume a three dimensional space.with a rectangular.
Cartesian coordinate éystem X defined in it. We say there is a
gurvilinear system of coordinates U defined in the space if and
only if there are three functions
ui = ui (xl, x2, x3) i=1,2,3 (4.9)
of the rectangular Cartesian coordinates defined and if these
functions can be inveéted to give

aat ol W, W, i=1, 2, 3. (4.10)

The necessary and sufficient condition for the two sets

of functions to be reversible is that the functions in (4.9) and

(4.10) be single-valued and have continuous derivatives; in other

words, both determinants of transformation
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ij Exj
S+ det ( T
ou

must be different from zero almost everywhere.

det (

If the above conditions are satisfied, it is possible to
obtain the covariant components of a vector with respect to the
curvilinear system if its covariant components relative to the X

system are known, using the following formula,

1 a, (4.11)
3 x

(Ei and aj are the covariant components of a vector with respect to
curvilinear and Cartesian coordinate systems respectively).

It can be shown that the same rule can be used in obtaining
the covariant (contravariant) components of a véctor relative to
a coordinate system, if the same components of that vector telative
to another coordinate system are known, when none of these systems
are Cartesian. The following formulae show the rule ofvtransformation

in such cases:

- ul -3 dal 1
a, = ——a,, a = T2
353 du
(4.12)
s3ut - 3 Jul i
a, = a,, a = a




CHAPTER 5

DIAGRAMS FOR THE LEAST-SQUARES ADJUSTMENT PROBLEMS

Introduction

The concepts covered in the previous chapters serve as a
pre-regquisite to the principal topic of this thesis, which Qe will
be dealing with from now on. These copcepts will be used in con-
structing diagrams for the paiametric, conditional and combined

cases in the least-squares adjustment problems.

5.1 Diagram for a Simple Parametric Case

Let L and X be real vector spaces of dimensions n and u < n
respectively. Also, suppose A is a linear mapping of X onto L. As
we know the lineay operators on the finite dimensional vector spaces
can be represented in terms of matrices. The linear mapping A is
therefore a matrix which we suppose has the rank u (A has béen assumed
.to have full rank).

By taking a set of vectors as basis in L, we can introduce |
a metric in this space which is a positive definite and symmetric
tensor. Thus L space will be a metric space. We refer to this
metric as Pl Similarly, let us assume that the vector space X is

metricized by a metric tensor Px' We assume these vector spaces

-46~
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are spaces of the covariant vectors, which according to the atove
remarks and assumptions are related by following formula
l=Ax, leL, xeX (5.1)

By introducing these metric tensors in X and L spaces and
according to the previous description of dual spaces, dual bases,
covariant and contravariant spaces and their relations, we can define
the dual bases -corresponding to X and L. These spaces according to
the above assumptions, will be contravariant vector spaces X and L,
with the elements which would be obtained from the following

relations
(leL, 1' = Pll) -—=> 1'eL', (xeX, x' = Pxx) --=> x'eX'. (5.2)

As we saw in (4.1 both P1 and Px are two times contra-
variant tensors, and, from (2.4.2, theorem 2), we know that the dual

spaces are of the same dimensions as the primal spaces. Formula

(5.1) is nothing else but a case of formula (4.12); that is

3, = o,
J anJ
aur
a, = —r a;
I3
which shows the rules of transformation between the two covariant
i -1
. 9 Ju
vector spaces. In these transformations ( °E. ) and ( —= ) are
Ju du

Jacobian matrices. Also in (4.12), we had the case of transforma-

tion between two contravariant vector spaces as
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=3 _ aui at
du

. 3 .

al = au. at
aut

By comparing these two sets of formulae we conclude: If the elements
i

of two covariant vector spaces are transformed by, say, — , then
Ju
the elements of corresponding contravariant vector spaces will be
-3 i
, where =
3 uJ du Ju "
— is its transpose, which will simply be shown by A and A,

transformed by shows the elements of a matrix and

Ju
Therefore, we have

x' = Atl' . (5.3)
Accordingly, there 'is .a set of wvectors in each of the contravariant
spaces X' and L' which constitute the bases in them. The metric
tensors in X' and L' are two times covariant.

Algebraically, we can say, because P, and Px are positive-

1

definite and symmetric matrices, they have regulaf inverses PI r
P;l which are the metric tensors in the contravariant spaces (in
our case).
With such background material we can now construct a diagram
(see Figure 5.1), from which the various relatioqs between the above

mentioned elements and appurtenances of those covariant and contra-

variant spaces can be easily obtained as shown below.



~49-

— — et e el s —— —— —— — —_— — e — — ———

A(n)T

Figure 5.1 Diagram for the Parametric Least-
Squares Adjustment Case
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Assuming that only A and P

1 are known:

(i) starting from X and proceeding towards X' in both directions,

we get
P =A"P A (5.4)
This formula may be called the rule for metric induction.

(ii) To get Q it is enought to start from L and proceed towards X
in both directions

Q = p;lp.Tpl = (ATP'lA)-lATPl (5.5)

Note that by earlier assumptions, since A is of full rank, (Rank (A)

u), P has a unique inverse and Q therefore is unique.

(iii) The inverse transformation can be derived equally easily

1

R=P AP (5.6)
X

1

(iv) It is easy to show that Pll and P;l are related by the follow-

ing formula,

P = AP A (5.7)

If the covariant metric tensor, Pl

is selected to equal

the covariance matrix (Cl) and P;l to Cx' we have from (5.7)
C,=AC_A (5.8)

the known covariance law. Similarly equation (5.5) yields:

x = (ATCIlA)_l ATc'i‘l (5.9)

the solution' of least-squares normal equations. In addition, it

can be easily verified that,
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R=20Q (5.10)

Note that in this diagram the iterative process, which was
mentioned at the end of Chapter 3 is shown. The least-squares
technique is applied within each iteration.

It should be noted that, in order to obtain the matrices
(i.e. arrows in the diagram) using the diagram, one has to start from
the tail point of the arrow representing that matrix. Then going
around the diagram and following the directions which lead him to the
pointed end of arrow. For example, in order to obtain the unknown
matrix P_ we have to start from matrix A and end with AT i.e.

P = ..A
x

Px =, PlA

Px = A PlA

The elements of .the spéces which are unkhown to us can be obtained
as follows:

Starting from the element of a known space and going arouna the
diagram using the matrices (i.e. arrows) which transform this
element to the intermediate spaces. For example in order to obtain

the unknown parameter xcX we start from the known element 2¢L, i.e.

X = .. le
T

x= ., A Pll
1T

-]
1]
4]
x|
£
4]
)
o
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5.2 Diagram for a Conditional Adjustment Model

As mentioned in Chapter 3, if in the linearized model
the first design matrix A is equal to 0, we call it a conditional

model; that is,

Br +w=20 (5.11)

In fact, the above formula is obtained after the linearization of
a non-linear equation, which explains the relationship of n obser-

vations, that is,
F(1) = 0 . (5.12)

This model can be linearized by Taylor series expansion and

yields

_ (0, 3F _.(0)
F(1) = F(17 + = 1oy (o) (-1 + ..., (5.13)

[see e.g. Vanifek, 1971]. The equations (5.13) can thus be taken
as the differential forms of equation (5.12).

All the relations reviewed in Chapter 3 about the
combined adjustments, are valid for a conditional adjustment case,
when the first design matrix is taken as a zero matrix, and we
can obtain them by the following diagram (Figure 5.2).

In this case we assume the observation space to be metri-

cized by P, which is a positive definite and symmetric matrix; also

1
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B(n)
r(n) ] o ]
Q
1[—/
L
covariant
contravariant —_——— e — — —
-1
Pz PZ
R
g(™T

Figure 5.2. Diagram for a Conditionmal Least-
Squares Adjustment Case



~-54-~

B has been assumed to have full rank.

The tensor Pw is another positive definite and symmetric
matrix which has been taken as the metric of the model space.

Let L and F be covariant vector spaces and B be a linear
mapping of L onto F. Therefore, by the same reasoning as in the
previous section, their contravariant counterparts L' and F' are
connected by BT and are of the same dimensions as L and X respectively.

Let B and P, be known, then the elements of diagram (5.2)

1

can be obtained as follows:
(i) Starting from F' and proceeding towards F, we get
P =B P B (5.14)

Remember that since B is of full rank, Pw can be uniqually obtained

from
= (sp' B (5.15)
(ii) Starting from F and proceeding towards L, we get
0 =re 8%, =2 8" (e 8" 7 (5.16)

ll equal to the covwariance

By taking the covariant metric tensor P
matrix of the observation Cl' we get

T T -1
Q = C;B (BC,B) (5.17)

(iii) The formula (5.17) can be applied in obtaining the solution in

the conditional adjustment,

l=Qw, leL, wePF (5.18)
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or,

1

T -
c,B (BClBT) ! (5.19)

Also in formula (5.14), if we take the covariant metric
-1 . . .
tensor, Pw » equal to the covariance matrix of the misclosures, cw'
then,

T
Cw =B ClB . (5.20)

The formulae (5.19) and (5.20), obtained easily by using the diagram,

are known to us from the least-squares adjustment [see Vanilek, 1971].

5.3 Diagram for a Combined Adjustment Model

As mentioned before, parametric and conditional cases in
the classification of the least-squéres adjustment, are two particu-
lar cases of the combined case which was reviewed in Chapter 3.

There we saw that the implicit equation f(x, 1) = 0, after lineariza-
tion, will have the form

B +Br+w=0o0r A + Br = -w,
This shows the relation between the three differential neighbour-
hoods of three corresponding vectors in parameter, observation and
model vector spaces.

From Chapter 3 we recall that the solution vector § can be
obtained even if the solution is done in the model space. To obtain
r, however, the solution must be done in the cbservation space. Here

again we assume that linear mappings A and B are full rank matrices,
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also Pl is taken as a positive definite symmetric fensor in L,
where L, X and F are covariant vector spaces.

The same reasoning as before can be applied to construct
a diagram for this case (see Figure 5.3)). The least-
squarés method is applied within each stage. The matrices A and
B represent the values of first and second design matrices in the
nth iteration, corresponding to points x, 1 and w in the above
mentioned spaces.

Suppose that 1 and Pl are known. Then other elements of
the diagram can be obtained by the following procedure:

(i) Starting from F' and proceeding towards F via L and L', we

get
P " =BP., B (5.21)

Because matrix B has been assumed to have full rank, Pw is uniquely

determined by

p = 8Pt ! (5.22)
w 1
(ii) From X to X' via F and F', Px is determined as
P =aATP A =a" (Bp.BT) la. (5.23)
X w 1



A
o : m ] -
Q
X ¥ \ - 5
{j
p 1 lp pt||p
p.¢ X w w P—l P
') 2
K
P
{ i«\‘ T /'
1 <
\-/t 7 . ?"‘?“U*&W)
B

Figure 5.3. Diagram for a Combined Least-Squares Adjustment
Case

_Ls..
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(iii) Starting from F and proceeding towards X, we get

e _ =T _ T -1 T7-1,-1 T, -17T -1
Q=P AP A (1319l B™) Al "a (BPZ B) (5.24)
which after substitution in the equation
we obtain , 0 = Qw, O€X, weF,
$ =(AT(BP£]'BT) “at AT(szsT)-lw (5.25)
If the covariant metric tensor le is taken equal to the covariance
matrix of the observations Cl or Cr' then formula (5.26) reduces to

formula (3.17) in Chapter 3.

(iv) As stated, to get the residuals, soélution must be done in
the observation space. To clarify this fact, a differential

distance in L' and its value has been shown and written in the

diagram.
From the diagram, we get
-1.T -1 T, ~-1T -1
S-—PlBPw-PlB (BPlB ) (5.27)
and
r = S(w+A§), where, r € L, weF {5.28)

After substitution of S from (5.27) into (5.28) we get

= -P;lBT(BPzLBT) w+ &), (5.29)

which after substitution 51 = C

1 1 will reduce to formula (3.22)
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5:4 Some Remarks to the above Diagrams

In the previous sections of this chapter and in the
construction of the diagrams some concepts from the tensor operations
were used. However, it is worth noting that in [Tienstra, 1956],
the elements of the metric tensor have been used in the standardiza-
tion of some normally distributed observation series. This is
nothing else but the metricization of the observation space by the
inverse of the covariance matrix of the observation which was
discussed above. Consequently, some tensor algebra has been used
thére for the least-squares adjustment. For example a linear

parametric case,

AY = X + w , (5.31)
has been expressed as .
ayy = £ 4 nt | (5.32)
and its normal equation,
T T Ly '
APAY=APW, by (5.33)
ik A ki
gikaxarY = qikarf (5.34)

which shows,

-1
gik P cr ’

where Ik is the metric tensor [see Tienstra, 1956, pp. 152].
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The linear mappings A and B, which were considered in the
previous sections of this chapter, were assumed to be of full rank.
In the case of a rank deficient matrix A or B, a unique inverse
can ﬁo longer be obtained for Px or Cw in equations (5.4), (5.20),
and (5.23). In such a case the generalized inverse can be applied
[Rao and Mitra, 1971]}. This was suggested in ([Vanicek, 1979].

Here the case of a singular weight matrix is taken into considera-
tion, to see what this means geometrically.

From linear algebra, we know that a linear mapping

F: V -—=>1,

is said to be singular if the image of some nonzero vector under F
is 0, i.e., if there exists V = 0 in v with F(v) = 0. Thus F is
non singular if and oqu if 0 € v (not other vectors) maps into
0 € U, or equivalently, if its null space consists only of the
zero vector: ~N(F) = 0. Now, if the linear mapping F is one-to-one,
then only 0 € V can map into O e.U and so F is nonsingular. The
converse is also true. It can be easily verified th#t by a non-
singular mapping, independent sets would transform.to the independent
sets [see e.g. Lipschutz, 1974].

In relation to the subject of this section, the following

theorem also is useful.

Theorem: Let V be a finite dimensional vector space and let

F: V -=-=-> U be a linear mapping. Then,
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dim (V) = dim (N(F)) + dim‘(R(F)

(dim stands for dimension).

This relation according to the followiné equations
rank (F) = dim (R(F)), Nullity (F) = dim (N(F)),
can be written as
dim (V) = rank (F) + Nullity (F).
In the case of a nonsingular F, the above reduces to,
dim (V) = rank (F).

In the case of a singular weight matrix for the obser-
vations in constructing the diagrams we will in fact be dealing
with a set of dependent vectors which cannot. be. taken as a basis in space L.
If ll' 12, coey 1n is such a set, then, there is.at least one

nonzerc element among a set of scalars {al, A,y eovey an} such

2
that
alll + a212 + ... + anln =0.

According to the above remarks, when the weight matrix Pl
in L'is singular, we can conclude that the dimension of L',

dual space of L, as the range of Pl, is of lower dimension than

L. This really does not make sen;e, because as mentioned in
(2.4.2, theorem 2), dual space of a finite dimensional vector
space, is of the same dimension as the primal space. Geometrically
in this case we can say that the observation vectors are of
dimension n, but the space L spanned by them is of lower dimension

m. The singular weight matrix is a map from a space of dimension

n onto a space m, sO cannot give a map from L (dim m) to L'. Thus
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it cannot be used to define a métric on L. This case corresponds
to a coordinate system of higher dimension being used in space of
lower dimension.

Finally, it should be noted that Figures (5.1) and (5.2)
can be considered as a diagrammatic method for finding the reflec-
tive least-squares g-inverse for a singular matrix. Before

proving the above, the following definitions are necessary.

Definition 1. Let A be a real mxn matrix. A matrix PA is called

a projection operator. onto the space generated by the columns of
A, with respect to a non negative definite matrix M, if

T
a) PAMPA = MPA (idempotent)

b) MP.A=MA

¢) rank wﬁ = rank (A)

If M = I (identity matrix), then conditions (a) and (b) reduce to

2
1) PA = PA

b) PAA = A

Definition 2. A g-inverse of a matrix A of order nxm is a matrix

A of order mxn, such that A A is idempotent and rank (A A) = rank (.

or, alternatively, A A is idempotent and rank (A A) = rank (a).
Theorem 1. As mentidned in Chapter 1, for an inconsistent equation
Ax = vy, x is a least-squares solution if

| |ax-y|| = inf ||ax-y]|
X
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Now, if Q is a matrix (not necessary a g-inverse) such that Qy
is a least-squares solution of Ax = y, then it is necessary and
sufficient that

AQ=p,

A g-inverse which provides a least-squares solution of Ax = y

is referred to as a least-squares g-inverse..

Definition 3. If the inverse of the inverse of a matrix is

equal to the original matrix, then it will be called a reflexive
inverse. A necessary and sufficient condition for a g-inverse G
of A to be reflexive is that:

rank (G) = rank (A) .
A reflexive g~inverse providing a least-squares solution is

denoted by Alr

/2

Theorem 2. Let ||yl| = (yT'My)l . where M is positive-definite;

then
A, = (ATMA) ATM
1r :

For the above definitions and theorems see [Rao & Mitra, 1971}.
With respect to the above definitions and coﬁsidering

Figure (5.1), it can be seen that Q is a reflexive least-squares

g-inverse of the singular matrix A, verified as follows:

(a) Matrix QA is idempotent since,

1, T T -1
A P,A) (A P,A)

T -
(@)% = ((a'pa) A"plm» x =

T -1 T
= (A'PJA) AP\AX = QA = x .
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¢(b) rank (QA) = rank (Q).
(c) rank .(Q) = rank (A).
(d) Matrix QA is a projection operator which projects the

elements leL onto the subspace spanned by the Columns of A.
This follows since the columns of A generate a subspace in L
space, and matrix Q projects the elements leL onto this subspace.
Indeed, the solution space (X space) is such a subspace, and the
solution vector, x, is the orthogonal projection of the observation
vector onto it. In addition to the above reasoning, it can be
directly concluded, by taking M = P in theorem 2, that Q is a

reflexive least-squares g-inverse for matrix A.



CHAPTER 6

DIAGRAM FOR LEAST-SQUARES COLLOCATION

6.1 Two-Component Adjustment and Collocation

In Chapter 3 the formulation of least-squares adjustment
was reviewed. The corresponding diagrams for three cases of adjust-
ment, i.e., parametric, conditional and combined adjustments were
presented in Chapter 5. In Chapter 3 we assumed that the obser-
vation space is formed only of staﬁistically independent observa-
tion vectors. Practically, however, we are dealing with observations
which are composed of two componehts, i.e., statistically dependent
and statistically independent components. According.to the relation
C, = C, s we can say in the case of a two component observation, the
residual r is also composed of two component, statistically dependent
(s) and statistically independent (v), or

r=v+ s. (6.1)

The independent component v, often originates within the
measuring apparatus and we can link it to a measuring error, or
resolution capability, and thus internal to the instrument.

The statistically dependent residual s, however, is
thought of as being external to the instrument and related to the

behaviour of the observable in a particular milieu.

-65-
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The presence of s in a mathematical model, for example in
following parametric model
l=2ax+vVv+s (6.2)
(which in ordinary adjustment is presented as,

l=2Ax +v [see e.g. Vanidek, (6.3)
1971}

can be interpreted as the shortcoming in the mathematical model;
that is, the "inability" of the model to describe completely the
actual relationship among the measurements 1 and unknown para-
meters X.

In equation (6.2) v is called noise and s can be called
either signal or noise, depending to whether it is wanted or not.
If s is treated as noise, then, along with the statistically
independent residual v, it can be separated from the signal x by
ordinary adjustment procedures. On the other hand, if s is treated
as a signal, it must be separated from the noise v and from signal
x, and the procedure is called two-component adjustment.

The case of the least-squares collocation can easily be
visualized as follows:

In the parametric model (6.2), we have to deterﬁine the
curve, shown as solid line (see Figure 6.1), by means of discrete
observations (small crosses), which are furthermore affected by
observation errors v. The curve to be reconstructed consists of a
systematic part, Ax, and a random part s, both of which are of

interest.
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Figure 6.1. Illustration of the:-Least-Squares
Collocation in a Parametric Model
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If we consider the determination of the parameter x as
adjustment, the removal of the noise v as filtering, and the compu-
tation of s at points other than the observation points as predic-
tion, least-squares collocation is a combination of all these
processes [see Moritz, 1972; Balmino, 1978; Krakiwsky, 1975].

Because mathematical model and the formulation of colloc-
ation is similar to that of the two component adjustment, these
cases will be reviewed. For this purpose, the two following

sections have been abstracted from [Vaniéek and Krakiwsky, 1981].

6.2 Two Component Adjustment Mathematical Model

In the two component adjustment the implicit mathematical

model is of the form

f(x, 1) = f(x, L +s +vVv) =0 (6.4)
with two covaraince @atrice; Cs and Cy for the residuals. The
cross-covariance matrix Csv will be assumed to be equal to zero.
The differential form of the model can be written as

A +Bs +Bv+w=20 (6.5)

In the more general case, the component s is not from

the cbservation space L but from another "space of statistically
dependent observations" S. Therefore, for the differential
environment of the observation point s, the following transformation

holds (see figure 6.2).

Te {S ---> L} (6.6)
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Figure 6.2. Space Involved in the Two Component
Adjustment
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Then we have
s' = Ts (6.7)
where S may or may not have the same dimension as L. By substitut-
ing (6.7)into(6.5) and denoting B by Bv and BT by Bs' one gets a
more general two component linear model

AS + va + Bss +w=0 (6.8)

6.3 Formulation of the Two Component Adjustment

The variation function from which the normal equation
system follows, reads

o6=scls+victy+ 2kt (M +Bs+Bv+w (6.9
) v S v

As we can see, both vectors of residuals play a role in the quad-
ratic form, along with their respective covariance matrices.
All the formulae reviewed in Chapter 3 for ordinary

adjustment can be applied here, by replacing C, = Cr by C; and B

1
by B' - where

]
c 'o
S
c;. = -_--1',--—- (6.10)
0 ¢
T 4
)
and
)
B' = [Bs: Bv]' (6.11)
L. “' _ o AT . .
Realizing that r' = (s} v ?’one obtains, from equation (3.22)
and
~ S c :o BT -~
' = ; = - |- S ___ -f§_ Xk (6.12)
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and

s =-csB;Lw, (6.13)
~ t
v = -CVBVLW (6.14)
where,
1.t

L= (MAN A M- M (see (3.24)).
Equations (6.10) and (6.11) directly affect M (see

Chapter 2), changing its inverse to

c 10]lsT
S : S
"'l [ .
M~ =1[B 1B ] |---=---|[---|= ®cBT'+BcaD. (6.15)
s v t T S 8 s vvVvywv .
0 1 CV Bv

64 Formulation of the Least-Squares Collocation

As was mentioned ea;lier in this chapter, and also
according to the above formulation, the statistically dependent
component of the residual, as a noise, can be separated from the
statistically independent component of the residual and from the
signal x (or §) by a two component adjustment technique. What
distinguishes the least-squares collocation from two component
adjustment is that it views s as predictable, and thus one has
two kinds of signal, x and s.

The first signal x does not naturally lend itself to pre-
diction because x is defined on a parameter space X, usually
reflecting some specific observables, and so it does not make any

physical sense to predict x elsewhere. On the other hand, s is
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often thought of as being only a sample of an effect that can be
modelled in a wider space P than just the observation space S.

Thus, a prediction denoted by s, of the statistically
dependent signal s is sought in a prediction space P such that
SCP (see Figure 6.3). Mathematically, the prediction feature
can be built into the two component adjustment by expanding the
second design matrix to B as follows

B" = [0iB_iB I, (6.16)

and taking

(6.17)

K>
u
o
o
n
<
Sod

The prediction is really made possible by the stipulation
that the stochastic characteristics of the new quantity sp are the
same as those of s. This is expressed through an expanded covar-

iance matrix C

C.; = ——— (6-18)

which describes the covariance between s at the observation points
and sp at the prediction points. Here, CZS clearly equals Cs s
and preserves the required symmetronf C;. pIt is the covariange
among all the signal components which mediates the prediction, by
relating s to sp

all the equations for the two component adjustment remain

valid when the expanded versions of B (equation (6.16)) and ¥ (equation

(6.17)) are used.



Figure 6.3. Spaces Involved in the
Collocation



Changes only occur to equation "(.13) which, upon substitution of
cé for Cs yields the predicted signal.

To derive the formula for the predicted signal, we substi-

tute:
[ | ]
c 1C 0
S_1 s_s,
P, P
i [
C" P c ' l
ss!c ! o (6.19)
B s
e (R P
o1 0 ! ¢
LY
and
f |
B=10} 5, }5) (6.20)

for Cr and B, respectively, in formula (3.23).

These substitutions yield:

[~ ] c 'c ‘o o
s S, s_si
B B _P
. z 1 -l -5
rY =|s |= |C y C 1 0 B Lw =
- ss,i s | s_
_—— e e e -]
v 5T 1T BT
F - - * _' P iy S .
c ¢ ‘o [ 0] (6.21)
sy | 'sps}
R N N At
- e == - -
= C ! T 0 BTLw
ss | S !
pi |
N S R T
o | o | J BT L.
L v L -
or, _
(é BT Lw
ho) ss s
~ ---—lf_--
2 = B
S la |G B (6.22)
v C BTLw
J v Vv
- - .

Therefore,
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- T

sp = —Cs sBst, (6.23)
p

$ = -C B Lw ‘
B LW/ (6.24)

;- = -C BTL (6.25)
Vo W e -

Also, it can easily be verified that

c =2cC B LB C (6.26)

(see Vanicek and Krakiwsky, [1981]). It should be noted that the

formulae (6.23), (6.24) and (6.25) can be written as

-~ - - T

S, = C. BM (af + w) - (6.27)

S =-CBT M (a6 + w) (6.28)

Z s s v N

v = -CB°M (B +w (6.29)
T T tvv -

This will beccme clear if we compare the equations (3.22) and
(3.23).

Note thét in both formulations (the two component adjust-
ment and least-squares collocation) the covariance matrices of
the results could be obtained, but because there is no need for

them in this work, these formulae were not reviewed here.
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6.5 Diagram For The Least-Squares Collocation

In this section a diagram for the least-squares collocation

is presented. This diagram is for a combined case linear model;
A5 +BS+BVv+w=0 (6.30)
s v

(see Figure 6.4).

In drawing this diagram, the same mathematical structure,
as was already described in the previous chapter for ordinary
adjustment models, has been applied. This time, however, instead
of cr as a metric for the contravariant cbservation space and also
instead of matrix B, we are dealing with C; and B", (equations
(6.19) and (6.20) respectively).

The main idea for drawing.these matrices came from "graph
theory", where the differential neighbourhoods of some correspond-
ing points in both covariant and contravariant statistically
dependent, statistically independent and prediction spaces serve
as vertices, and covariances serve as edges (see Deo, {[1974]).

The cross-covariances CS s and Css for the reasons
which areexplained in the next'segtion of this chapter, have been
used as the media for relating the prediction and statistically
dependent observation spaces.

Recall that sp is a sample of an effect in prediction
space P; in other words, a differential neighbourhood of a point
p, in P, manifests itself to the observation space via these cross-

variances, which are supposed to be known.
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Diagram for the Least-Squares Collocation

Figure 6.4.
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It should be noted here ﬁhat cross—-covariances Cs s and CS
play the same role in the connection between covariant and contra- °
variant counterparts in the graph.

Note that two elements v and s in the covariant part of
this diagram and two elements v' and s' in its contravariant counter-
part, are the components of two residuals, r and r', respectively.
(Iﬁ this diagram, for the reasons which are explained in the next

section, some arrows from the covariant space to the contravariant

space have been denoted by notation D).

6.6 Obtaining the Least-Sguares Collocation Formulae from the Graph

The formulae (6.27), (6.28) and (6.29) as well as those
described in Chapter 5, for the determination of the unknown para-
meters x, can be obtained by this diagram.

Note that to obtain an element of prediction space P as
an unknown, one has to start from an arrow which connects that
element to an element of a known space, which is the statistically
dependent observation space.

To get Sp we have to follow the following steps:

(1) Start from F by C;l = M and proceed towards F'

(2) From F' to S' by Bz

(3) From S' to P by Cs s We get.

S =-c BMG +w . (6.31)
P S,S S
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6.7 Some Remarks About the Mathematical Structure of the Least-

Squares Collocation

As we can see from the formula (6.12), as long as there
are no cross—-covariance components in the covariance matrix of the
observations, we cannot predict anything. That is, in such a case
we cannot have any point of prediction space, since the prediction
space is a null space. Where cross covariances in the covariance
matrix exist, we can predict some elements of the prediction space.
In other words, the prediction in such a case is not a null space.

Mathematically, we can say that if we multiply the
elements of contravariant space S', see Figure (6.4), by its
metric tensor Cs we obtain the elements of the covariant space S.
Now if we multiply the elements of S' by something else, say

Cs g Ve would definitely obtain a new space, which we call a

P
prediction space. This space can be metricized by its own covar-

iance matrix. These, somewhat show the role of the cross-covariance
elements of the covariance matrik of the abservation space.

To clarify the problem let us have a closer look at the
formulation of the least-squares collocation and the geometric
meaning of C; in formula (6.19).

For the ordinary adjustment case we are dealing with an
cbservation space. In two component adjustment and collocation,
however, we are dealing with two and three spaces, respgctively.
These spaces are statistically independent, statistically dependent

and prediction spaces. In each of these spaces a set of vectors
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is selected -as -a basis or coordinate axes.

Together, these spaces constitute a unique space. This
space can be considered as a three dimensional space, if we imagine
each set of base vectors or coordinate axes in those three spaces
as a coordinate axis in this three dimensional space. We take
this space as a contravariant space, which can be metricized by
C; (6.19). All elements of this matrix serve for the transforma-
tion of vectors in contravariant space to the covariant space.

With.respect to the above remarks, and the form of C; as
a metric tensor, we can imagine that the contravariant space can
be characterized by a three dimensional coordinate system, with
two‘inclined coordinate axes and the third axis orthogonal to the
plane formed by the two inclined axes. These axes are labelled

X,, X, and X

1 2 3 in Figure 6.5.

A vector r' in the contravariant space has components

on each of the three axes and can be written as:
r' = | s'}. (6.32)

The covariant’ counterpart of r is-obtained “by

r A r i ar 1 r -1
s c 1c 10 || s]|lcs +c s
p s | s_s p s p s s
-———- ——eed4- =P ||o=ed e e e Po -

1 0
r = s =|C 1 C O st [=|C s' +Cs' | (6.33)
ssp, s , ss s
- - el e B ——--{ --_E-----..-_
v o . o Jc|lv c v
v v
- o - I ] - . - -

In this formula we can see the effect of the presence of off-

diagonal elements in the metric tensor.
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Figure 6.5. Illustration of the Coordinate
System in the Observation and
Prediction Spaces
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According to Figure (6.5) and formula (6.33), the

covariant components of a vector in the x2x3 plane can be obtained

by

r—~ ﬂ — -r' - r -
1 ¥ ]

sp Cs ! Css : 0 Cs ss

I D A SN - | DU N S <SR
| |

= = 0 LI - ]
r s Css : Cs : s Css (6.34)

— D -SRI | —————-
' ! ' ]

v O , 0 Cv v va

L J L ! ' JL . L .

The inclined coordinate axes result in three non zero
covariant components, even when only‘two of the three contravariant
components of a vector are nonzéro.

This is the case in theleast squares collocation problem,
where we do not have any idea about the prediction space and we
want to get some information about that space from the cbservation
space. Recall that even though for the solution of the least-
squares collocation problems we have to have the covariance matrix
of prediction space (Cs ), it is not present in the equation for
the prediction signal si.

Therefore, mathematically, in a collocation problem we are
always looking for the covariant components of the vectors whose
contravariant components lay in the x2x3 plane. This is cléarer if
we compare formulae (6.21), (6.33) and (6.34).

With respect to the above remarks and explanations, we
can conclude that the presence of the off-diagonal elements in the

metric tensor causes the image of a point in oen of the component

subspaces not to be completely into the corresponding subspace of
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the dual. This is clear from Figure 6.4, where, for a point in the
contravariant space with coordinates (v', s', 0) we have a corres-
ponding point in the covariant space with coordinates (v, s, s).

It follows algebraically that, unlike the case of a
diagonal metric tensor where the elements of the inverse of this
metric tensor are the inverse of each of the individual elements
of the primal metric tensor, the presence of the off-diagonal
elements in the metric tensor makes the individual elements of the
inverse of the metric tensor to not correspond to the inverse of
the individual elements of the primal metric tensor. Therefore,
if C; in formula (6.19) is the metric tensor for the contravariant
vector space (see Figure 6.4) then the metric tensor of the corres-
ponding .covariant vector space is of the following form:

- T1-1 -~

c 'c o0 p 'n_'o
s - ! Tss s | ss !
p ! P P pi
—_—— el - - ——- —-———'-——-——:——-
1
e 1 0 =p_ _|D_ ! O
s s!' s s s s |
P ! P '
[P Wi —— e e m e - - -—-
' ) | 1
0o *o0 t C_ - -0 , 0 1 C
' 1 v . f Vv
L ' b i ! o




CHAPTER 7
CONCLUSION

Some related concepts of functional analysis and ordinary
least-squares adjustment have been reviewed.

By considering the original diagram for a simple parametric
model from [Vanidek, 19791, diagrams for the least-squares adjust-
ment, in the conditional and combined cases, and ieast-squares
collocation have been constructed. These diagrams were constructed
on the basis of the parallelism between the concépt of a covariance
matrix and a metric tensor and also on the basis of duality
property of covariant and con;ravariant spaces, as mentioned in
(Vanicek, 1979). 1In this thesis, however, the mathematical struc-
ture of the diagrams from both functional analysis and teﬁsor
operations points of view have been thoroughly explained.

It is well known that the singular weight matrix for
the observation space is a consequence of the dependence of some
of the cbservations on the others. In this thesis, the observa-
tions have been considered as a system of coordinates in the
observation space. The case of a singular weight matrix has been
geometrically interpreted, and it is concluded that in such a
case the dimension of the observation space is less than the

number of observations. Mathematically, this obstacle can be

-84~



-85~

removed by reducing the number of the bbservatiéns.

It has been proven that the diagrammatic approach can
be considered as a method for obtaining the reflexive least-
squares g-inverse of a singular matrix.

In the construction of the diagram for the least-
squares collocation, in addition to the tensor structure of least-
squares equation, which were used for the adjustment diagrams,
some concepts from the Graph theory have been applied.

The value of this method lies in the ability to obtain
with extreme ease the least-squares adjustment equations through
an illustrative apprcach. This property makes this method more
appealing than the standard least-squares adjustment and colloca-
tion. Therefore, it is recommended that the diagrammatic approach,
as described, form part of the content of advanced least-squares

courses.
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