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PREFACE

i:Méximum advantage of the geodetic information of the
redefined Maritime Geodetié Network will be achieGed if éngeyofsﬁ
utilize'iﬁ-in a éofrect'aﬁd-pragﬁical.manne;.“ The ;ealization ofvthis
goaifis seen as af"tﬁrée;pdftf prqcéés,‘ 15 the first par#,»&né’lgarns-.v 
téidealiwiﬁh ihe iﬁforﬁatidp éssOci&ted.wifh'a sinéie'éoint on thé
térfain;'-fhe ééconavpart,iQhé;e §5servatioﬁs afg inﬁrodu¢ed, in§§}vé§,
twq'terréiﬁ'poinﬁ%;‘ in.#he.thiig énd}final part,Aoné learns_go deal”
fwithAmaﬁfjtéfrain'poiﬁts-and the ObserQAtionsramongsﬁ-tﬁem; namély;
a.netwoik. |
This “manual" is thé fifst of three beinngrittgn toVCOVer

the abovefmentiongdvproceés. It was writteq as a guide to the ﬁse and
interpretation of thé geqéetic informaﬁion for a singie teff;in_pqinﬁ,

and is a comp_let¢ s;xrveyofs hahdbooic for Geodetic Cobrdinate Transf;rulations
-~ in tﬁé maritime proyihces. No derivations or extenéivé éxplahatiéné 6f4‘
; £hé m;themaﬁié%l formulae afe given. The equations-requiredftq-SOlve
certain coofdinate and associated error transformation brobleﬁs are

stated, the notation used is explained, and a numerical exaﬁple is pfesentéd.
A reader desiring extensive background information as to the relevance
oﬁ this_Manual, anq a detailed exp}angtion of the origins of the
mathematical formulae, is referred to the reference material.

VAfhis "Manual" was w?itteﬁ iﬂ partial fﬁlfillmeht of a cohtract

(U.N.B. Contract Wo. i32730),with the Land Registration and Information

Service, Surveys and Mapping Branch, Summerside, P.E.I.
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PART I

INTRODUCTION

1. REDEFINITION OF THE CANADIAN GEODETIC NETWORKS

The redeflnltlon of the Canadlan geodetlc networks (Flgure 1. 1) is
one of the most extensxve geodetlc pro;ects that has ever been undertaken ln
_Canada{-_;tAls} of»course, anjlntegral part of a nmcp.}arger project - the
‘redefxnitlon of the Nbrth.Amerlcan geodetlc networks There are many‘reasons
‘for the redefinition project. An adequate yet brief explanatlon has been
’ glven by C.D. McLellan of thebGeodetlc Survey of Canada [19763.

';..our geodetlc networks today fail to meet modern
standards, and coordinate values in many areas do
not reflect the quality of the survey work. In fact,

rouchly half of our primary networks fail to meet
first-order standards."

Of course, in a broader conte#t, the:failure to meet intermal
standards is ﬁot reason enough to justify such a great undertaking. Two major
undeflying reasons are (i) the expandediuse of co9td;ngtes‘iﬁ the planning,
executién, and analysis of the surveying portion of humerous projgcts, and
v(ii) the ﬁeed for a knowledge of the quality (e.g. variance-covariance
matrix} ;glatite and- absolute confidence.regions) assaociated with the
quantitative data (e.g; coofdinates, lengths and directions of lineé, areas) .
E.J. Krakiwsky and P. Vanfgék, in a paper presented at the Geodesy'fof.Cahada
O§nference [E.M.R., 19741, explained the need for, and use of,ba_homogeneous
set of coordinated network points for mapping, boundary demarcation, urban
management, engineering projects, hydrography, oceanography, environmental
management, ecology, earthquake hazard assessment, and space research. Such

.extensive use of the coordinates of network points justifies the redefinition
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of the Canadian geodetic networks, the results of which will be a homo-
‘geneous set of coord:.nates and assoc:.ated accuracy J.nformatlon that will
- fulfill the needs of a major:.ty of users.
The redefinition of the Canadlan ‘geodetic networks is ._being
: carried out by the Geodetic Survey of Canada [McLellan, 1976]. WhJ.le a

description of the project is not warranted here, the reader shodld note

-that th.e most modern technologles and methodologles are bemg brough.t

) to bear on the project to ensure a successful solutlon. An excellent

‘ overv:.ew of the work is given by C.D. Mcl’..ellan 119773. More detailed
:Lnformatlon , for example, regardmg' the coordinate system to wf;.;‘.ch network
points will be related, can be found in. papers, reports, etc .y 'such as

Kouba J[1976].

2. REDEFINITION Of THE MARITIME GEODETIC NETWORK

The redefinitior; of the coordinates of th..e...approxiiqately 36,000
points in the .Maritime éeodetic network (Figure 2.1} is required for -cxao
major reasons. The first, whicﬁ comes about by default, is that .sinc'e
the Maritime geodetic network is dependent on the neciohal framework for
t':h.e definiﬁion of the coordinate Asystem, ; redefinition cf the vlatt.er
. necessitates simi_]:ar action in the former 1f homogenej.ty .is' tc‘be maintained.
That the nationa). and reéional redefinition projects will'be completed
in the near future is not in doubt according to the following s,atement
[Fila and Chamberlain, 1977]: "The Geodetic Survey of Canada will have

its redefinition completedby January 1978 and this project (the redefinition

of the Maritime geodetic network) will be completed by the end of 1978".
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The second reason, which has greater regioﬁal consequences,
is as follows: 'In the Maritime Provinces, ﬁhe.gse of éhe hatidhal a;d
regional networks as a bosition base for the program of éhé Land -
gegistratién and Info#mation Services requires that a h;mogéﬁeous
sef. of coordinates and associated accuracy e';stimates be' ava.ilable. This
:latter point is dlscussed at gz“at length in a report entltled The ;

‘Marltxme Cadastral Accuracy-Study IMcLaughlln et al., 1977]. According

Ato L R I S., the use of the«redeflned coordlnates LS not ln doubt

.Iuacrntosh, 1977]: ”Mak;ng use of the-plane co—ordlnate system, the
A cﬁ;néré of each.pa;cel brought quer-the system would pe assigneq.the;
.éﬁéropri?té co—ordinate.values;. Tﬁese yaiues would gove;n over;
- monuments. . The boundaries of a pxoperty would be guaranteed within
" certain tolerances established with respact to the class of property et
involved." B )

The Maritime redefinition task is being ;arried out by the
Surveys and Mappqu Division of L.ﬁ.I.S., wit@ a§§§§§§nce.being given by
the Systeﬁs ana Plgnning Division of L.R.I.S. and the Department of
Sufveying Engineering at the Univer;ity of New Brunswick, K. Fila and
C. Chambeflain [1977]. have outlined the overall concepts regarding project
piaﬂning, déta screening. mathematical models;-software development, sub-
network analysis, the geodetic data bank and the maintenance of the
redefined geodetic system.

Of particular interest and importance to surveyors afe the

following:



Y]

._‘;4.(2).

@

redefinition process 7(da‘ta screening, subnetwork analysis, etc.})

‘The reference surface to be used for the solution of the Maritime '
- geodetic network will be an ellipsoid of revolution. . The size, '

.sh&pe, .positiqn and 6rientati§n of the reference ellipsoid will be °

the same as that used by the Geodetic Survey of Canada in ‘their

. redefinition of the national geodetic framewbx;k. ’

Rigorous mathematical models will belusea'ig_.all,_,phggség_ pf the

' '_ except where external constraints must .be imposed.

To obtain realistic estimates of the accuracies of tile redefined’

' coordinates of points. (to be ebcpreséed in terms of “the variarce-

covariance matrix of the a&j‘usted coordinates), all sources of érrors_
will be taken into account.

- The geodetic information réquired for the rigorous computation

of local or regional surveys will be stored in a geodetic data bank. The -

following geodetic information will be of_ particular importance to the

surveying community:

)

2)

1w’

The redefined geodetic lafitude (¢) and -lohgiitude (A} of each network
point;

the 2 x 2 variance-covariance r;tat_rices o_Af.l the redefined coordinates;
the information required to compute covariance elements amonést any
coordinates. of po;‘.nté in the network.

Certain conformal mapping plane coordinates will be used for

the three Maritime Provinces and mathematical transformation software will

be developed to provide:

1

Relevant conformal mapping plane or grid cooxdinates;



(2) the 2 x 2 variance-covariance l;matrix for any set of 'conformal 'mappidg
plane or grid .coordina».tes;

(3) the covariance -eléments amongst any.conformai mapping plane or grid
coordinates of points in the network.

. As :Ls obvious from the foregomg, a great deal of effort :Ls
be.lng .expended in the redefnu.tlon of the Mar.\.tme geode.tz.c network. It
is bemg done for the benefit of all surveyors. The coordmates, and
) assoc:.ated accu.racy mfomatx.on, will form part of a unlfled homogeneous
system to which allv surveys may 'be referenced and analyzed. ~Furthemo;é»,
the geodetlc malntenance. scheme being devised in conjunct:l.on w:.th the
redefinition task along with dle geodetic data bank, Vlll ensure
.surveyors of continued access to the "best®™ geadetic information available

in the Maritime Provinces.



'PART IT

COORDINATE SYSTEMS
3. REFERENCE SURFACES AND GEODETIC DATUM

‘3.1 Reference Surfaces

In geodesy the three main reference surfaces used for terrestrial
work are the.terfain, geoid and ellipsoid surfaees (see Figure 3—1); We
_ 1w111 only briefly mentlon these here. For a complete treatment see, for
fexample, Krakiwsky and wells [1971]1, Bomford 11971] Vanlcek and Kraklwsry.:

Iln prep.].

The terrain surface is the topographic surface of the earth«
It is the surface upen'which observations, such ae distances,_diréctions,
astronomic azimuths, are made for the purpose of determinipg'coordinates
of terrain points. These "obserted values" need to be reduced from_the
terrain surface to the surface (ellipsoié or conformal mapping) upon which
the computations are made. |

. CLO,EL” -
The geoid surface,corresponds to the undisturbed mean sea level

on the oceans and is the continuation of mean sea level underneath the
continents. Besides being the "figure" of the earth, it serves as an
intermediate surface through which reductions are made down from the

terrain surface onto the computation surface.

_The ellipsoid surface is a mathematical surface described by
an ellipse rotated about its minor axis. It is upon this surface that
‘computations are made employing ellipsoidal geoﬁetry. The ellipsoid
surface is also mapped conformally onto a plane thus giving another surface

upon which computations can be made (see chapter 4). In this chapter
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Cross—-Section Showing:
Terrain, Geoid and Ellipsoid Surfaces.
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we restrict the discussion up to and including the ellipsoid surface.

3.2 Geodetic Datum

A geodetic datﬁm is a geode;ic coordinate system consisting of
the two parameters which defiﬂe the eliipsoid and six parameters which
describe the position of this elliposid w:i.thir} the~ body of the ea’rtﬁ
(see Figure 3-2). The parameter desci:ibing the size of. the ellipsoid is

the semi-majo; axis a. The shape is defined through the flattening

f = (a-b)/a, where b is the semi-minor axis. The simpleét way to give
the position of the eliipsoid within the earth is by specifying three "-.
translations and three rotations. ~The translations txb, Yo' z;) give
the location of the geometric centre of the ellipsoid-with respect to
the centre of gravity of the earth. - The rotations (éx’ ey, ez{ give

the orientations of the axes of the ellipsoid with respeét to the axes
of the ideal terrestrial systéﬁ. Thus a’geodetic datum is defined by
the eight parameters a, £, ib, ys, zo,.ex, ey; ez. See the above
references for an alternative way of defining a geodetic datum via the

. coordinates of the "initial point" of the geodetic network. At the time

of writing this manual the above eight. parameters were not yet chosen for

the proposed redefined geodetic coordinate system.

4. CONFORMAL MAPPING SYSTEMS

In this chapter we treat the conformal mapping of the ellipsoid
surface onto a plane. This surface, along with the coordinates of points
on it, is mapped onto a flat two dimensional plane. This results in a

plane representation of a curved earth (ellipsoid).. Computations on this
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~ surface (conformal mapping plane) are made simpler as now we may use
plane trigonometry as opposed to ellipsoidal geometry when working on
the ellipséid surface. | | .

Mapping is a part of mathematics which deals with the mapping
of one surface onto.a éecond. We employ a very restrictive part of this
' géne;ral theorf of maﬁhematical' mapping - that of "confo.fmél mapping;'.
We are interested in conformal mapping because (i) éngies are preserved;
and (ii) scale distortidn is alminimum as compared to other types of
.pwpping. Thus, conformal'nappihg is best suited to our purposes. For
cartographic purposes, other_types of maéping, suc@.as géuiageal,
equidistance, equiazimuthal, ére appropriate.

Copfo:mal mapping of the ellipsoid surface onto a plane is
given by .

x+iy)=£0@+121) ,
where x and y are the map plane Cartesian coordinates; ¢ and A are the
geodetic latitude and longitude; £ is the mapping function. Note the
use of complex arithmeti;. Strictly speakiné, conformél mapping of the
ellipsoid onto a plane cannot be given a geometric interpretation
-like unrolling cones and cylinders. To maintain rigour, we stick to the
ﬁathematical mapping approach.

Depending upon' the conditions imposed, the éarticular mapping.
function, £, is deduced by imposing certain conditions. ‘Theoretically,
there is an infihité number of map projections that can be deduced. We
are familiar with such names as Mercator, stereographic, and Transverse
Mercator. 1In this work, we give the formulae for three conformal

projections: 3° Transverse Mercator (Nova Scotia); the stereographic
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(Prince Edward Island); and the steredgraphic (New- Brunswick). Thus we
will be dealix}g with only two mapping f-unctioﬁs £ : £ ™ for the Tra_nsv‘e.rse
Mercator and fs for the stgreograpf}ic. The approach to be used is_j:p
suppress the complex ar;itl'mletic part by separating the fomulf-.te into’ real
and imaginary parts, and dropping ‘the imaginary identifiér i = ¥=1 from |
tli.ev y part;, thus pr.:oc-lucing breal” foimulae for the x and Y -coordinates- on

the conformal mapping plane.
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PART IIT
COORDINATE TRANSFORMATIONS -

5. THREE DIMENSIONAL COORDINATE TRANSFORMATIONS

Equations diven in this chapter are for transforming elliPsoidAl

"coordinates (¢,2 . h) to three dimensional (3-D) Cartesian-_coordinates

(X, ¥, 2] referred to geocentric Cartesian system of coordinates. Before

the equations are given, we provide a review of the notation used in this

chapter.
5.1° Not;tiorf

a,b = semi-major and semi-minor axes of the reference ellipsoid,

e = first eccentricity of the~ellipsoié,
e’ = % - py/a’; . . " (51

¢, = ellipsoidal coordinates;ilatitudé (gésitive'north.of.the equator)
and iongitude {positive east of the Greenwich meridian)
respectiveiy;

h = height of a point above the ellipsoid measured along the ellipsoid -
nqrmal to that point; | i |

N = radius of curvature of the reference ellipsoid in the prime
vertical plane, N = a/(l—e2 sin2 é)l/z; (5-2])

M = radius of curvature of the reference ellipsoid in the meridian
plane, M =La(1—e2f/(l—e2 sin2 ¢)3/2; (5-3)

X,Y,Z = Cartesian coordinates of a point referred to a geocentric
Cartesian coordinate system;

) XO,YO,ZO = transiation components from the origin of the Cartesian

coordinate system (X,Y,Z] to the centre of the refefeﬁce ellipsoid.
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.I‘

5.2 Coordinate Transformation Formulae

5.2.1 Transfomation of (¢, A, h) to (X, Y, Z)

The transformation of (¢, A, h) ellipsoidal coordinates to

(X, Y, Z) Cartesian coordinates is given by: [Krakiwsky & Wells, 1971)

X = XO + (_N>+ h) cos ¢ cos A , (5-4)
Y=Y + 0N +hl cos ¢ sind , | (59
z =z + (N(i-e”) + h) sin ¢ , - (5-6)

where, N and e2 are computed vf'rom eguations (5-2) and (5-1) respectively,
and xo, Yo' and Zo are pre-determined translation components. The ellipsoidal

parameters a and b are chosen in this manual to be the Clarke 1866 values

]

a 6 378 206.4 m

b

6 356 583.8 m .

5.2.2 Transformation of (X, Y, Z) to (¢, ), h)
The transformation of (X, Y, Z) geocentric Cartesian coordinate

to (6, A, h) eilipsoidal coordinates may be done as follows: [Krakiwsky

& Wells, 1971]

il
>

[
x

Let X o . (5-7)
y=Y - Yo ’ . B (5-8)
then | A=t t (5-9)
Also, let : ]
z2=2-2 ’ (5-10)
: 2 2,1/2 '
and S=(x +y) / . . (5-11)

Now, we find first approximations for ¢ and h,

= tan } [—2£5
¢, = tan ( 5 ) . (5-12)
e a

(l-a+h)



16

2,1/2 _ |

2 2 -
h1 = (x" +y ‘+z ’ (5-13)

and then iterate the following equations to get more accurate yalues

for ¢ and h,

N, = a
i . 2 1/2 '
(1-e sin ¢i—1)
h. .a - - N. ¢ .
i cos ¢i-l 1 (5-14)

N
2 i

S N

i i

We iterate equatgons (5-14) until lhi - hi~1| and|¢i —.¢i_l|are smaller

than some pre-détermined limit.

5.2.3 Error propagation

Tha error propagation for the three-dimensional transformaticns

of this chapter is done as follows [Thomson, 1976; Mikhail, 1976].'

Let
r-cz o g
$ 2 éh
C, =1]"c 02 g in units of
=$,2,h éA A Ah +
» o,. o2
“sh % h
b —
— 5 ) .
seconds seconds second metres
2 2
seconds seconds second metres | , (5-15

second-metres second-metres metres 2
L
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_ -
0'2 q a.
X xx “xz
C - 3 o2 o ‘nietres';z - 5 .
=,Y,z2 - xt - % ‘yz ne . (5-1e)

and,
I ;(M-i-h;) sin ¢ cos A -Qlfhl.' cos ¢ sin: A . _cos ¢ cos A i
B= %.". 4-@‘@-@1‘)‘ sin ¢ sin A  (N+h) cos¢ cos A - cosv«p_ sin)\ A , (5—17);
(M+h) cos ¢ 0 : . si.ntb
_wﬁere p" = 206 264.806 .... e

‘Then, [Thomson, 1976]

. - .t :
C =B C 3 -
= XY,z == T (5-18]
where l?:t is the transpose of B, and -
-1 -1t
_C_¢'x'h = _B_ EX,Y,Z (_B_ ) o (5-19)

where vB:-l is the inverse of the matrix B., which is given by

P —

-sin ¢ cos’A -sin ¢ sin A cos &
(+h) (M+h) (M+h)
-] o - - -
B = /0 - sin A ___cos A 0 .

(N+h) cos ¢ (N+h) cos ¢

cos ¢ cos A cos ¢ sin A sin ¢
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5.3 Numerical Example

For the numerical example, we chooée, arbitrarily, the point
45 = 46° 34° 101035 N '
A = 67° 13* 037086 W , = -67° li’._" 03°086
ﬁ. =. 24..654 n , | .

with a covariance matrix

1x10°  -gx100 - x 1070
: 1 -10 -8 : ~9
N o - -8 x 10 2 x 10 . . =-6-x 10 ’
) “$.A,h = . : - . T .
' “4 x 1072 -6 x 1072 1 x 1072

with units as in equation (5-15).
Also we choose, arbitrarily, the translation components to be

X = -15.000m. ,

Y = 150.000 m ;
.o —
Z = 180.000 m .
o . .

The transformation from (¢, A, h) to (X, ¥, Z) is done via

equations (5-4), (5-5), and (5-6). We get

N = 6 389 620.93258 m ,
and N |
X = 1 70D 993.900 m |,
Y = -4 049 857.257 m ,
Z =4 608985.532 m .
We now take these geocentric Cartesian coordinates and transform them back
to ellipsoidal coordinates as follows. From equations (5-7) and (5-8)

we get
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x=X-X =170 008.900 m .
y=Y- Yo = -4 050 007.257 m ,
and from equations (5-9), (5-10}, and (5-11}),

A = tan ¥ ({—} = -1.1731571069 radians,

= 67° 13' 037086 W, = -67° 13' 037086

z=2-17 = 4 608 805.532 m ,

s =62 + y21? = 4 302 720.12062 g .

Now, from equations (5-12) and (5-13) we f£ind first approximations -for

¢ and h,

b, = tan b (—32L8 j = 0.8127963752 radians |,
S 1T
e a
a o+ hl
h o= C+yl+ 2% - a=11332.87437 mw -

1
and then iterate according to equations (5=14) ,

N, = a : = 6 389 621.06409 m |,

(l—-e2 sinz ¢1)1/2

B o= —

Y _‘m - N2 =65.48740 m ,
- . — l
¢, = t:an—l [ z/S ~—] = 0.8127902843 radians,
N .
(1-e? —2
+
N, +h))
_ a _
N3 = 172 6 389 620.93210 m ‘

(1-e2 sin2 ¢2l
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s

By = coss. M = 24.50772 m ,
2
by = tant [—Z£5 = J = 0.8127903061 radians ,
E 2 - . :
a-e® =——
N3+ by

continuing, T S
- N, = 6 389 620.93258 m __,
By =25.654m ,
9, = 0f812790306:1 radidns.
The next iteration (not shownAherei gives very insignificant changes.in
N, B and s, thus we stop the fteration.

Thus we have

©
[l

0.8127903061 radians |,

= 46° 34% 107035 N ,

>
1]

-1.1731671069 radians

67° 13! 037086 W , = -67° 13' 03086
h = 24.654 metres.
For the error propagation, we have

a(l-e2)

(l—e2 sin2 ¢]3

=6 369 107.22112 m ,
/2

a

N = '= 6 389 620.93258 m ,

1/2

(];—e2 siﬁ2 ¢i
M4+ h=06 369 131.87512 m ¢

N + h = 6 289 645.58658 m B
sin ¢ =-0.7262082639 ’

cos ¢ = 0.6874747685 ,
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sin A = -0.9219816299 ,
cos A = 0.3872336169

Substituting these values in equation (8-17) givés

-1791077.922 14050007.257 " 0.2662133411
B = %,, ) 4264456.571 1701008.900 -0.6368391076 |
4378617.462 . o . . '0.7262082640 |

and from equation (5-18)

, e
= B
cs 9’ X,Y,2 | ’B- %'llh -
7.174 x 1074 -1.686 x 10> - 1.931 x 10
A -3 =3 o -3
= -1.686 x 10 4.023 X 10 ~4.599 x_10
-3 _3 . -3
1.931 x 10 -4.599 x 10 5.278 x 10
'~ . or from equation (5-19),
-1 -1t
Soan 2 Syz @
1x10°8 8x10%  _4x107°
= | -8 x 10710 2 x 1078 6 x 1072 ,
-4 x 107° -6 x 102 1 x 102

with units as in equation (5-15).



6. NEW BRUNSWICK STEREOGRAPHAIC DOUBLE PROJECTION

6.1 Notation

The symbols used in this chapter are listed here for convenience:
a, b = semi-major and semi-minor axes of the reference ellipsoid;
o s <. < 2. ,2 .2 ,2 '
e S first eccentricity of ellipsoid; e” = (a" --b")}/a".
¢‘,l = ellipsoidal coordin_ate$ » latitude (Qositive noxrth of eéuétorl
‘and longitude .(posi.tive ee,sﬁ of Greenwich} respectlivély.
X,A = spherical coordmates (on the conformal sbnerel v 1atitude

'(pos:.tl.ve nortb.) and longltude (posz.t.we east) respectively.

X, Y S N.B. stereographic grid coordmates, X is pos:.t:.ve east; Y .:Ls
positive north. )

¢°,1°,XO,A°,XO ,Y = coordinates of the. origin of the p_roje.ction; .

&A = spherical longitude of point to be mapped minus the spfxeriéal longitude
of the origin (AA = A -~ Ao) - ' |

N = radius of curvature of -the ellipsoid in the prime vertical plane

o = a/@ - e sin® $1?.

M = radius of curvature of the ellipsoid in the meridian plane
: 2, , - . 2 372,
= a@ - e2)/ - e2sin® 6177 .
: . 1/2
R = radius of the conformal sphere. (R = (MN]) evaluated at ¢°1 .
k°'~ = scale fecter at the origin of the projection.

6.2 Coordinate Transformation Formulae

When transforming ¢,A coordinates to New Brunewi'ck X, _.Y stereo-
graphic grid coordinates rigorously, we must firet transform the ¢, A
coordinates to ¥, A coordinates, then transform the ¥, A coordinates to
X, Y. Conversely, when tranforminé X, Y stereographic eoordinate.s .to

¢, A, we first transform X, Y to X, A, then X, A to ¢, A.



.23

6.2.) Transformation from é, A to New Brunswick stereographic

grid coordinates X, Y

The transformation from ¢, A to ¥, A is done as follows

[Jordan/Eggert, 1948; Thomson et -al., 1977] :

X = 2'{tan—IICé£tan(45 + ii ——5151-ii } -_J__ 45°} (6-1)

+e sin ¢ _
Amepr (6-2)
where , 4
L e. cos 4’6 /2
c,={l+————"1 -~ (6-3a)
: l-e
X, ¢ l1-e sin 4> e/2 ~c
c, = tan (45° + ) {tan (4s° + -—a RSyverre % = ¢ (6-3b)
and A
-1 Sin ¢o - ’
Xo = sin [—E—‘—I (6-4)

The transformation from ¥, A to New Brunswick stereographic X,

Y is [Thomas, 1952; Thomson et al., 1977]:

+2k RcosxsmAl\ , ] ‘ 6-5)
»x=x 1+-su1xsm)( +cosxcosx cosAI\ ’

i cos -~ cos ¥ sin cos AA)
2 ko R(sin x )_(o X Xq

¥= Yo +l+sinxsin ‘xo+c‘05 )('cos-xo cos AA v (6-6)

- <

where, for the New Brunswick stereographic projection,

I

é 46° 30°

o

A

o

n

—~66° 30°

66° 30' . W
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‘R =6 379 3(.)3;38 metres.
XO = 300 000 metres
Yo = 800 000 metres
R ko = 0-?99912 '

and whére X, is computgd from géuat;on (6—4) and AN = A - Ao whére
Ao =c lo.' fi:om equation (6-2)..- The gllipsqiéai paraxlieters; a and bbare '
: chosen,in this manual,to be the Clarke ]7866V values
' a=6 378 206.4 m .
b_-‘6' 356 583.8 m

-although these may not be chosen in the redefinition.

6.2.2 lfransfomation from X, Y to ¢, A

The transformation from X, Y to X, A is as follows:

Let .
¢ - - ) -
X (x ~xo)/ko P ' (6-7)
* - ’ - ‘
.Y =0-Y )k . (6-8)
: 2 2 )
s=(xn?e @nhHY? (6-9)
X . .
cos 8 = s (if S =0, cos B = 1) . (6-10)
Y |
sin 8 = s (if S = 0, sin B = 0) . (6-11)
and
' -1 s : ‘
8§ = 2 tan [ZR] ‘ (6-12)
then
X = sin = [sin X, cos 8§ + sin § cos X sin 8] ‘ (6-13)
_ . =1 sin § cos 8 _
A= Ao + sin [ cos X ] . ‘ (6-14)

‘where Xo is computed from equation (6-4) and Ao =c; Ao from equation

(6-2).



- . 4D

The transformation from ¥, A to ¢, A is done via the Newton¥
Raphson iteration technique as folldws:

let a first approximation of ¢ be;

o S EG) 4
4= T Far ] A (6-15)
A Lo (61

etc., : -

6 =64 - _‘££il‘

n n-1 £'($) |¢
.where, from equation (6—1):" l .

' Ty y 'o i_'14e sin é.e/ c. e o 4 X1 -
£(4) = ¢, [tan(5® + DG E) 211 - tan(as° + o .

(note that the value of J(whichfwas computed from equation (6-13) dbes not
change through the iterations!)

-and after differentiation we have;

£0 (41 = o, [tanse + sS4/ (671

[(lee sin ¢ e/2
“1+e sin ¢

“1lte sin ¢)

e2 cos ¢

{5 sec” (a5° + g-) - . . tan(ase + £33

(1~ sin® ¢)
We Iterate equations (6-15) until [¢_ - ¢__ | is less than, say
.00001 seconds in double preciéion FORTRAN (which correspondsvto less than
1 millimetre on the ellipsoid) or until it is smaller t;ian our required
accuracy.
The ellipsoidal 1ongitude_1is computed from (see equation (6-2)5:

A= - (e-161)
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6.2.3 Error propagation: New Brunswick double stereographic projection

When transforming ¢, A coordinates to New Brunswick stereographlc
grid coordinates, we may also w1sh to transform the ¢, A covarlance matrlx
to obtain the covariance matrix of the New Brunswick grid coordinates,

AX, Y; and converoeiy. To do thls, we propagate errors through equatlons
(6-1), (6-2), (6—5), and (6-6) accordxng to the covaff?fffl}fﬁi Uﬂells

| and‘Kraklwsky, 1971; Mikhail, 1976]. This results in the following
[Thomson et al., 1977]:

If we let

denote the covariance matrix of the New Brunswick stereographic grid

. . 2 -
coordinates in metres , and

o2 o
1- ¢ dA
£¢;1 - . !
Ser %)

denote the covariance matrix of the ellipsoidal coordinates of the same -

point in arc seconds squared we have

B , (6-17)

=B C
ley "‘"¢c7\
where
ru -m.u c1p A
cos X
np" np" A
B = ’
- clm (6-18)
& = cos x
L np" np"
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and p" = 206 264.806.....

e2 cos4 ¢o /2 . . v .
c, = {1+ } : (repeated) (6-3a)
1 1_32 : B

¢ l-e sin ¢o e/2 -cy

. X M
o o Aco o , )
‘¢, = tan (45° + -—2) {tan (45° + —-2)‘ __(_———__.l+e =in ¢°) ‘} - (repeéted) (6_—3b.)

m=2 k_ R sia AA(sin x + sin x,) - C (6-19)
‘n = (1 + -sin x'sin Xo + cos X cosrx; cos Al&.)2 ,. (6-20)

p=2k, R{cos AA(1 + sin ¥ sin x )+ cos x cos 'xo'} . (6-21)

¢ ¢;la tan SRS q{% sec’ r - £ cgs' : t2:an I}
’ : . (1-e” 'sin ¢)
u=- e _ . —— A ., (6-22)

1 + cg {q . tan r} 2¢y

where )
=45 +d (6-23)

and

q = {l—e sin 9} e/2

1+e sin ¢ . (6-24)

. For the inverse propagation of errors, i.e., propagating exrors

through the transformation (X,Y) to (¢,1) we have;

' = B ‘ -
Cor =B Sy B ' (6-25)
where mn. . p" pn . p"

u(m2 + pz) u(_m2 + pz)

Pn‘pn. mn.p«

: 2 .
Cl cos x(m2+p ) Cl cos )((_m2 + Pz)

— —t
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6.3 Numerical Example

For the numerical example, we choose a point with

¢ = 47° 03' 24%644 N ,
A = 65° 29' 03¥453 W

4

=-65° 29" 0p:453:.

6.3.1 (¢,)) to New Brunswick (X, Y)

_First, we compute ¢y from equation (6-3),
‘ e cos ¢° 1/2
= {l"" - } ¢
' l—e2 s

.Cl
2 a2 - b2
2
a

‘= 0.006768658

and, ¢_ = 46° 30* 00" .

We get,
c1 = 1.0007647244 .
Next, from Equation (6-4)
Y = sin—l [51n ¢0 :
= '
© ¢
xd = 46° 27*' 13%974 .

Now, from equation (6-3b)

l-e sin ¢° e/2 -c

y 31

Cc T
1+e sin ¢
o

=2) (

X
= tan(45° + qu {tan(45° + 3

2

C2 = 1.0030525528 .

Next we have, from equation (6-1)

X = 2{tan-l [cz{tan(45° + 2. ) (.1_-2....§..i_n_?_ )e/z}cl] _,. 4501.

2 1+e sin ¢
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and with = 47° 03' 24644 N ’
X = 47° 00' 35%490 N .
Further, from equation (6-2),

A= qll
and with A = 6 20° 031453 W, (= -65° 23° 037453) |
A = 65°.32' 03726 W , (=-65° 32' 03?726) .
- Finally, we compute the grid coordinates from eqﬁations

(6-5) and (6-6), i.e.

2 k, R cos x sin AA

X = X°~+ .
1 + sin x sin X, + cos x cos X, cos AA

2 ko R(sin X cosx  — cos X sin X, cos AR)
Y=Y + : : A

1 + sin ¥y si.n’)(,o + cos X cos xo cos ‘AA

where
xs = 300 000 metres ,
A = 800 000 metres ,
R = 6 379 303.376 metres ,
kO = 0.999912 ,
and .
AA = A - Ao = 65° 32' 037726 W - Ao .

- = —-65° 32' 03v726 - Ao

where; from equation (6-2)

o]
I
9]
>
~~
>
|1}

66° 30*' w ,
o l o o

-66° 30')
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Ao = 66° 33' 03v072 w, = —-66° 33° 037072.

Thus,
AN = - 65° 32' 037726 - (-66° 33°' 03'072)

AL = +701° 00' 59.346" .
Finally, we get,
X = 300 000 + 77 164.887 = 377 164.887 m

Y= 800 000 + 62 395.774 = 862 395.774 m .

6.3.2 New Brunsvwick_(’x,ﬂ_ Y) to (4, A)
‘ Now we will take the computed grid.coordinates
X = 377 164.887 m
Y = 862 395.774 m.
and transform them to ¢, A.

From equations (6-7), (6-8), and (6-9), we have

X' = (X - Xo)/ko

77 171.67809 m

Y = (Y- Yo)/ko

62 401.26488 m

(x)? + (v)H/?

0
I

99 244.07165 m

Further, we have from equations (6-10) and (6-11),

’
cos B = -:—- = 0.7775948407 ‘

X

sin B = 0.6287656667 - ,

and from equation (6-12),

-1 _ s
§d = 2 tan [ﬁ] R



& = 0° 53" 28v830 .

_From the above and equations (6-13) and (6-14), we have

X = sin-l[sin X cos § + sin § cos X sin B] .,
o

A=A + sin-I [SLH_GVCOS B]
Y o ] ,QOSX

X = 47° 00' 357490
A = 66° 33' 03"072 W + 1° 00' 595340 ,
=-66° 33' 03072 + 1° 00* 599340

A = 65° 32' 0349726 W

=~65° 32* 03726 .

Next, we compute A from equation (6-16)

).==-c—
s §

XA = 65° 29°' 037453 W

¢

= —=65° 29' 03v453

and ¢ via the iteration process of equations (6-15) as follows:

4 =x = 47° 00° 35"43%0 ,

£
$ =% " F o) ¢

where
¢1 l-e sin ¢l e/2 ¢

—?{) (

) 1 Y- tan (45° +22‘~)_

Il

£(¢) C2[tan(45° +

l+e sin ¢l
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¢l l-e ‘sin ¢1 e/2 (cl*l) l-e sin ¢

£1(9)|, = cyc,(tan(a5° + 3} ( I R T ot

- e/2
+e si +e si
?l 172 1 e}s;é ¢1 l+e sin ¢l

¢ e2 cos ¢ ¢
{l-sec2 (45° + —li - 1 . tan (45° +.—£0}l -
2" 2 2 __2 - 2
(1-e” sin ¢l)

We get ] : ‘
£0¢) |, = -0.0030461313
1 .
] £ = 3.7106130921 -,
‘ AT
and $, = 47° 00° 357490 — (-0° 02' 497326)
¢, = 47° 03' 247816 .
. Now :.; *
N o = o o £
3 2 £9(®| 6 -
o 5
We get :
f(¢)| 4. = 0-0000031825
2 N .
- f;(¢)_¢ ‘= 3.7183708003 ,
2
and ) o o
¢, = 47° 03" 247816 — 00° 00' 0v168
¢, = 47° 03" 24%648 .
Further o = 0. - £(9)
4 3 £'(¢) p ’
3
and 11
: £(4)| , = 0.34659 x 10 .
. 3 .
£, = 3.7183626988
3
and ¢, = 47° 03' 247648 - 00° 00' 0%004 .
Finally we have, o = ¢ - £ ()
A H O ’
4
and

fww%=o
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which gives,

€ L,
OIS

Thus, ¢5 = ¢,

and,

$ = 47° 03' 24%644 .

Thus, we have performed the direct and inverse transformations of .c‘oc'urdinaAttes.

. 6.3.3 Error propagation
- We have, from equation .(f6_-1'7)

t.

S,yTREG R
‘where, C. _ is given as, say
r— - = P oo -1
2 -8 -10
g o i 1 x 10 .. 8 x 10
¢ o) ‘ _
-c-4>.l_;-_7 . | = _ : sec
2 ' -10 - -8
. g
9’¢A - % 8 x 10 2 x 10
B is given by equation (6-18) as
-m.u c1 cos
““"‘npn —nb" B o X
B = ‘ v
p.u ‘1 .
— — m cos X
np np

where
. p" = 206 264.806

c ={1+ — } = 1.0007647244 ,
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m=2k RsinAA (sin x+ siny ) = 329585.7828 .,

n = (1 +sin X sin x_ + cos X cos X_ cos 80 = 3.999815901 -,

p = 2 k_‘R{cos AA(L + sin.x sin X ) + cos x cos xo}‘s 25511295.3578, .
-l 2 e cosé tan r,
.q{i- sec’ r — > > }
L _{(1-e” sin” ¢)

Ry 1 (c,-1)
clcz{q.tan_ r} 1

et = 0.4992440249
2, . - 12 ' o
1+ cy {q.tanr}cl_

there r and g are coinputed fx’:bm equations ._(6-23) and (672_4) ;espeéi;ively‘;

Thus we have

. t ’
S, x~ ?-94:.1 B
‘ o : ' -8 S 1)
: -41 140.9113 4. 352 715.07 1 x 10 8 x 10
1 - . . . -
=(—) . .
P -10 : -8
3.184 475.77 56 233.6402 1 8x10 2 x 10
r—
-41 140.9113 3 184 475.77
1
(5'..—) .
4352 715.07 56 233.6402
r— 6 - : _
8.9000 x 10 3.4486 x 10 ‘
o 2
S,y © 7 -6 o
3.4486 x 10 2.3918 x 10

The inverse propagation of errors is simply,

c — B‘l c v (B—l )t
_¢ 5 X,
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9 7 6

8.9000 x 10 ° 7

-4.0562 x 10 3.1397 x 10°

3.4485 'x 10

9

2.2970 x 10 ' 2.9676 x 10 7

3.4486 x 10 2.3918 x 10°°

9 7

-4.0562 x 10 .. 2.2970 x 10

3.1397 x 10~/ 2.9676 x 10 2 -

10

-C = -'i ) sec2

2 10 . . -8 ~
8 x 10 -2 x 10

1x10°  8x10

7. PRINCE EDWARD ISLAND STEREOGRAPHIC DOUBLE PROJECTION

7.1 Notation
The syrmbols used in this chapter are listed here for convenience:

.semi-major and semi-minor axes of the reference-ellipsoid:

]
-~
o
1]

o
m

first eccentricity of ellipsoid; e2 = (a2 -‘bz)/a2 .

-
~
>
"

ellipsoidal coordinates, latitude (positive north of equator) and )
longitude (positive east of Greenwich) respectively.

spherical coordinates (on the conformal sphere, latitude

b
.o
"

(positive north) and longitude (positive east) respectively.

&
<
]

P.E.I. stereographic grid coordinates; X is positive east; Y is
' positive north.

é , A } xo. Ao' Xo, Ys = coordinates of the origin of the projection.

AA = spherical longitude of point to be mapped minus the spherical

longitude of the origin (AA = A - Ab) -
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m

N radius of curvature of the ellipsoid in the prime vertical plane .

2
N = a/(1 - e2 sin ¢)1/2).

M = radius of curvature of the. ellipsoid in the meridian plane
M = a(l - e2)/(1 - &2 sin? $)/?) .
- . ' L 1/2 . '
- R = radius of the conformal sphere (R = (,MN). evaluated at 4»0 ).
ko =) scale factor at the ‘origin’ of t;_he ;prc;jectio'n. R

- 7.2 Coordinate Transformation Formulae

When transforming ¢, A éo_orxiinaf%és, to Prince Edward Island -
X, Y-s_tereographicA grid coordvinatefsA :igo;:ouslf; we must flrst frghsifom
t.he@,l coordinates to yx,A 'coof&inai:es, then 'tranéfo;cm the XA ;mrdinates
to X, Y. Conversely, wﬁen transforming x',' Y stereographic coordinates

to ¢, A, we first transform X, Y to x", A; then ¥, A 'tov ¢, A.

7.2.1 Transformation from ¢, A to Prince lfdv_:ard Island Stereographic

grid cpordinates X, Y

The transformation from ¢, A to ¥X,A is done as follows

{Jordan/Eggbert, 1948; Thomson et al., 1977]:

A . c ' '
x = 2{tan”]'[c2{tan (45° + %) Goe.sin 6 4e/2y1y | 450

1ve sin ¢ . (-1
A= cl A - . (7‘2)
where
e2 COS4 éo 1/2 _
¢ = {1+ — } (7-3a)
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X ¢ 1-e sin 4> e/2 -c_.’
tan(45° + -—) {tan(45° + 2 ¢

1 4
c, 2) } - (7-3b)
lt+e sin 4: : -
With ¢, A, X, A all in radians, and
sin ¢ A
I e | ..o A :
Xo = sin . '[—-—-_C_ ] . (7..'4) .

The transformatlon from x, A. to Prince Edward Island S;ereographlc

X, Yis [Thomas, 1952; Thomson et al., 19771

: 2k R cos xsm AA ) L e
X=X - - . (7-5) -

1+smxsmx +cosxcosx cosAA

2 k. R(sm X cos x - cos X sin X cos AN)
Y = Y°+ . (7-6) -
. l+s:mxsmx +cosxcosx cosAA :

where, the Prince Edward Island sterepgraphlc pro;ect:.on,

- ° ] O .
8 = 47° 15* 00

A

I

"63° 00" 00" W

-63° 00' 00"

R = 6 379 869.43 metres,

xo = 700 000 metres
Yo = 400 000 metres

k = 0.999912 ,
o

and where Xo is computed from equation (7-4) and AA = A - Ao where
Ao =c; )\oAfrom equation (7-2). The ellipsoidal parameters a and b are
chosen,in this manual, to be the Clarke 1866 values}

a

6 378 206.4 m

b

6 356 583.8 m

although these may not be chosen in the redefinition.
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7.2.2 Transformation from X, Y to ¢, A

The t:ansforniation from X, Y to ¥, A is as follows:

Let
X' = (X - xo’/f‘;; . (7-7)
Yo=Y Yk L | a-e)
5= ((x’ 4)2' e (-9)
cos B = = A(i_f's,=-»0, cos 8 =1) (7-10)
sin B =-—§— GEf $=0, sin § = 0) , (7-11)
and
§ =2 t._am"-l. {;—Ry . (712
then .
x =sin ' [sin x_ cos § + sin & cos x_ sin 8] ,  (7-13)

_ .. =1 sin § cos B ' :
A= Ao + sin [—'—"—"——"—'cgs X 1 . ' (7-14)

where Xo is computed from equation (7-4) and Ao =< )‘o from equation
(7-2).

- The tra.ms.formation from x, A to 4), A is done via the Newton-
" ‘Raphson iteration technique as follows:

let a first approximation of ¢ be,

" then

_ ., £(8)
1
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etc.. o =y - &)
n n-1 £'(¢) én—l ’

where from equation (7-1)

; ' ) ¢ l-e sin ¢ /2 <y : o X :
= ° — p - ° =
£(4) Cz[fan(45 .+ 2) (l+e sin ¢) ] Fan(45 + 2) Q .
(note that~£he value of x which was computed from equation (7-13) does not
change through the iterations!)
and after diffefentiation'we have

}t'”.'f‘(¢) = clczltan(45° + %q (l:§_§iﬂ_iqe/2](cl“13 . [(lIE_Eiflikf%/z

l+e sin ¢ “l+e sin ¢ -
T 2, ¢ 2 '
(= sec”(45° +2) - & cos -$ — . tan(45° + iﬁ}] -
2 2 2 . 2 2
(1~e” sin” ¢)

We iterate eguations {7-15) until ]¢n - ¢n_l!'is less thén, say
.00001 seconds in double preciéion FORTRAN (which corresponds to less -

than 1 millimetre on the ellipsoid) or until it is smaller than our

required accuracy.

The ellipsoidal longitude .\ is computed from (see equation (7-2)):

a =L ' (7-16)

7.2.3 Error propagation: Prince Edward Island double stereographic

projection

When transforming ¢, A coordinates to Prince Edward Island
stereographic grid coordinates, we may also wish to transform the é, A
covariance matrix to obtain the covariance matrix of the Prince Edward

Island grid coordinates, X, Y; and conversely. To do this, we propagate
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errors through equations (7-1), (7-2), (7-5), and (7-6) according to the

covariance law [Wells and Krakiwsky, 1971; Mikhail, 1976]. This results

in the following [Thomson'et al., 1977]):

If we let
N ]
O% - %y
Sx,x ™ " o2
XY Y

denote the covariance matrix of the Prince Edward Island stereographic

2
.grid coordinates in metres , and
| 02 (o]
¢ ¢
C =
—$,A o G
oA A

denote the covariance matrix of the ellipsoidal coordinates of the same

point in arc seconds squared, we have

t
= B
Sy 2% 2 -
where
-m.u clP
" ” ° Cos x
nop np .
B = |
p.u clm
— —w "~ cos X
np’ nop .
aend - '
p" = 206 264.806. ...
2
e cos ¢
c, = {1+ ° 3% 172
1 2
l-e
xo ¢0 l-e sin ¢0 e/2
— o 2 o 4 —) (————
c, tan (45° + 3 ) {tan(45 > )(1+e sin ¢o)

(7-17)

. (7-18)

v (xrepeated )(7-3a)

} 1 (repeated)(7-3b)
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m= 2k R sin AA-(sin x + sin xo) R

= (1 + sin X sin X + cos X cos X cos AA) ’

p=2 ko R {cos AA(1 + sin x sin xo) + cos X cos Xo} .

(c 1—1)

. k 2 : )

c.c.{q-tan r} . ql se02 , - & _cos ¢ tan )
172 . 2 2 .2

u = . ) : - (1~ sin ¢)

- 2
1 -l-ci-{q - tan r}“¢

where o " oL
' L r =450+ %ﬂ .
and
{ “sin
1+e sin 1»

(7-19)

(7-20)

(7-21)

L (7-22)
| (7-25)

. (7f24) .

For the inverse propagatlon of errors, i.e., propagat:.on errors }

through the transfomatlon (X, Y) to (¢, X) we have,

- -1 . -1t
%’A - ..B.. 'C"X,Y _(_B_, ) .
where N .
— . b
mn « p" ' pn - p"
2 2 -2 2
u(m +p ) o u(m +p )
B = :
pn_*p" ~ mn-p" |-
2 2 2 2
c, cos x{m +p ) c, cos x(m“+p )

7.3 Numerical Example

For the numerical example, we choose a point with

¢ = 46° 42°* 287147 N

e

A

64° 29' 347014 W

4

- 64° 29' 347014 -

7.3.1 (4, A) to Prince Edward Island (X, Y)

. First, we comphte c, from equation (7-3a)

1

(7-25)
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e, = {1 + e } '
with @ = & = B _ o.co6768658 p
a.
and ¢_ = 47° 15' 00" .
We get )

c, = 1.0007231600 .

Next, from equation (7-4)

X, = 47° 12 18816 .
Now, from equation (7-3b)

X, ' ) ¢ “l-e sin ¢ e/2 .-c
2 = tan(45° + ‘2—- ) {tan (45° 'l'-——i (m)

1

c, = 1.0031559673 .

Next we have, from equation (7-1),

o -1 ° _Q_ -e sin ¢.e/2,c. .,
= 2{tan * [c,{tan (45 R (l+e —in ¢) | 1; - 45°}

and, with ¢ = 46° 42' 28%147 N ,

X = 46° 39' 50Y118 N. -

Further, from equation (7-2),

and, with X= 64° 29' 347014 W, (= -64° 29' 34%014)

L4
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Cq! 32! z1.1/2 -¢¢+ 32 2.2
A = 630214830 W (= —63°-62144ie3e) .
Finally, we compute the grid coordinates from equations (7-5) and (7-6),

-

l.e.

2 kO‘R cos X sin AA
X = Xo +

1 + sin x sin X, * cos'x cos x_ cos AN . °

2k R(sin x cos X - cos X sin X cos -AA)
o . (o] . O

o 1 + sin ¥ sin x°+cés X cos X cos AN v
where’

Xo = 700 000 metres ,

Yo = 400 000 metres,
R = 6 379 869.43 metres ,

k = 0.999912 ,
o

BA = A - A = 64° 32' 21%912 W - A, .
= - g4° 32" 217912 - A

. ’
where, from equation (7-2)

A =c. A (A =63° 00' 00" W,
[¢] l o o

= -63° 00' 00") |,
Ao = 63°-02' 447016 W

= —63° 02' 447016 .

Thus AR = -64° 32' 219912 - (-63° 02' 44Y016) ,°

= =~ 1° 29' 37"896 .
Finally, we get

X = 700 000 + (-114 144.554) = 585 855.446 nm

14

Y = 400 000 + (-59 182.240) = 340 817.760 m
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7.3.2 Prince Edward Island (¥, Y) to ($, })

Now, we will take the computed grid coordinates
X = 585 855.446 m
Y= 340 817.760 m ,
and transform them té $, A
Fr<.;>m equatioﬁs 7-7), (7-8) and (7-9), we have

X' = (X=X Wk

1

- 114 154.59918 m .,

-
I

KCERS7 S
= - 59 187.44830 m,
, 1/2
s = (x 2+ ()Y
= 128 586.26112. m .

Further, we have from equationé (7-10) and (7-11),

cos B = gi= — 0.8u77666882
; =X . 2937186
sin B8 = g—= - 0.4602 ,

~and from equation (7-12),

-1 s
§d =2 tan [2[{ '
§ = 1° 09' 177124 .

From the above and equations (7-13) and (7-14), we have
X = sin-l_(sin X, cos & + siu & cos x  sin BJ

-1 _sin & cos8
= 3 _____.—-————]
A A+ sin [ " e

X = 45° 39°' 50711n ’
%6
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A = 63° 02' 447016 W & 1° 29' 3789 ,
= -63° 02' 44%016 4 1° 29° 375896 i
A = 640 32¢ 214912 W
=—-64°‘§g'_2i?912 .
. Next we ‘compute A from equatiori. (7:—.1.6-) .
) e x
N 1
A = 64° 23'_3420;4. 9
' ,=.-64° 29* 34014
‘and ¢' via the itér‘ation processof eé;uati;)ns' (7-15) as foilowsé

¢, = X = 46° 39' sotlig ,

then
=8 - £(0)
=% ~F G . -
LS & -
where L
. - i 2 .
£(o) = c,[tan(45° + flq (E—f—fif—ii- o/ 1c1'- tan (45° + X )
|¢l 2 _ 2 'l+e sin ¢_ R 2 ’
. N " l-e sin ¢, e/2 (c;-1) l-e sin ¢, e/2
f'(¢)l¢l = e e, ltan(d5® + =) (o ¢l) ] BRI Cyrongyern ¢1)
¢ e2 cos ¢. ’ (b:
{i Asec2(45°.+ ——1-) - - 1 . tan (45° + -—l-)}] .
2 2 2 .2 2
. (1-e~ sin 4)1) :
We gef
£($) = - 0.0028024951 ,

[

f'(¢)l¢ = 3.654418141 ,
1
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and
¢, = 46° 39' 507118 - (- 0° 02' 38r172) ,
¢, = 46° 42° 28"290 .
'Now, -
(b =¢ - .f_(_?_)- -
3 2 f'(cb) ¢ e
2
we get,
f(¢)| = 0.000002538 |,
Lo, - T
£4)| .- = 3.661491622 ,
¢, ;
and ’ ; L
¢; = 46° 42' 287290 = 00° 00' 007143 .
4y = 46° 42° 28°147 .
Further
' o £ ($)
¢4 - ¢3 - r
f|(¢)v ¢
T 3
and
£(6) l¢ - 0.25324 x 10 %,
3 _
f'(¢)| = 3.6614847824 ,
0y
and

¢4 = 46° 42' 289147 - 00° 00' 0%+000 .

¢ = 46° 42' 287147 -
Thus, we have performed the direct and inverse transformations

of coordinates.



7.3.3 Error propagation

We have, from equation (7-17)

where

p" = 206 264.806 .....

e2

e -
cos ¢o 1/2

m= 2 ko R sin AA(sin x + sin x ) = -485994.7876 R
o

n = (1L + sin—¥- sin X, + cos Y cos X, cos AA)2 = 3.999187676 ,

e
il

(cl—l)

2

e2 cos ¢ tan r }

} = 1.007231600 ,

t
Cxy"BGaE
. where, E¢,A is given as, say;
2 . . -8 -10
(4] o : 1x10 8 x 10
: ¢ ¢
- L2
c = = : .- sec .
T4 g, ¢2 8 x 1071° 2 x 10;8
$A A - S ;
__ — |
B is given by equations (7-18) as
. e=m.u —= p - cos x )
npn np'n
V L 4
u o )
p._ " —“ m ° cos X -
np np ‘

ZﬂkoR{cos AA(L + sin x sin xo) + cos X cos xé} = 25_510 011.895 ,

- clcz{q.tan r}

. q{i-sec x -

(1-e” sin’ §)

1+ cg {q . tan r} 2¢)

= 0.4991688128 ,

where r and q are computed from equations (7-23) and (7-24) respectively.
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Thus we have

t
EX, Y B %ix 5 |
— 1T, . .-8 -10 |
60 660.6793 4 380 785.02 1x 10 8 x 10
N : )
= (6-;-) A .
. - -10 -8
3 184 097.22 -83 458.945 8 x 10 2 x 10
60 660.6793 3 184 097.22
1
o - ,
4 380 785.02 -83 458.945
| MR -
' ; e &
9.0325.x 10 1.3572 x 10
. . T 4 .,
Sx, ¥~ . : "o
: -7 -6
1.3572 x 10 ' - 2.37263 x 10
The inverse propagation of errors is simply
-1 - -1t
= B
S "B S,y @) |
‘ - .-9 _ -7 -6 ' -7
$.9810 x 10 3.1395 x10 9.0325 x 10 '1.3572 x 10
= p" -7 -9 =7 ~6
2.2819 x 10 -4.3472 x 10 1.3572 x 10 2.3763 x 10
-9 - =7
_ 5.9810 x 10 2.2819 x 10
p" B ‘
-7 -9
3.1395 x 10 -4.3472 x 10
1x 108 8 x 10°°
2
c = arc sec -
oA -10 -8
8 x 10 2 x 10
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g. THE NOVA SCOTIA 3° TRANSVERSE MERCATOR PROJECTION

The Nova Scotia map projection is a Tra.nsve.rse Mercator
projection in zones 3° of longitude in width. The province is covered
by‘two zones numbered 4 and 5. The limits of.zone 4 are from longitude
;g¢; 00' 00" W to 63° 00" 00; W, with a central meridiaﬁ at 61" 30°* 00% W.
'- The limits of zone 5 are A}fr;o_m longitude 63° 0o oo"'"w to 66° obf 00" W,
Awith.a'centralimeridian'at 64° 30*' 00" W. | ‘

Before giving tﬁe equations for coordinate transfqrmatidns_ané
?éfrbf progggation, it'may'bé cénvenient to review the notation uééd in

:this chapter.

8.1 Notation

a, bs semi-major and semi-minor axes of the reference ellipsoid;
e = first eccentricity of the reference ellipsoid,
2 2 2 2 ‘
e = (a -Db )a . - (8-1)

$,A = ellipsoidal coordinates: latitude (positive north of the equator)

and longitude (positive east of the Greenwich meridian) -

tespectively.
lb = longitude of the central meridian, (positive east of Greenwich).
A\ = longitude of a particular point minus the ;ongitddé of the central .
ﬁeridian, i.e. AA = X - Ao . : ) (8-2)
X,Y = grid coordinates of the Nova Scotia 3° Transverse Mercator projection,
| easting and northing respectively.
X, = grid coordinate value adbpted for the central meridian in order to

.avoid negative coordinates. X, is sometimes referred to as the

*false easting".



50

ko = point scale factor at the central meridian. For Nova Scotia,
k_'= 0.99990. o } I (8=3)
Sd: = meridian arc length from the equator to latitude ¢.

8.2 Coordinate Transformation Fdrinulae -

"R.2.1- Transformation of _(¢,)J to Nova Sotia (X, ¥) Grid-Coordinates
In order to cqmpute the 'chodrdinéte from a given -{é,. d) we
must first compute the meridian arc 1e_ngi:h from [Bomford, 1971; Krakiwsky,
~1973]) :
.S 6 = a[Aotb - Azsm 24>‘_+VA451.;1 4.¢A - 1}651“_ 6¢ + A851n;8¢] : (8-4)

‘wheré, ¢ is the latitude of the point in degrees (and decimals of degfees)

A c@-Lle2_3 4.5 _ 6 115 8, _m
o 4 64 256 16384 . 180 '
. _3,2 . 1-4 15 6 455 8
A,=gle +7e +158° “ 4008 ) ¢
5. 4 3 6 77 8 -
Ay=356 e  +7e ~ 53 =) . - 8-3)
35 6 41 8
Ay = 3073 (& —33¢)
and
N R
131072

where, ™ = 3.141592653....
Now, we can compute the (X, Y) grid coordinates from [Thomas,

1952; Krakiwsky, 1973],



3 3 .
X = xo + ko N[AX « cos ¢ +,£l—~22§f-2-(1 - t2 + nz)

6 .
“Ax° cos® 2 .4 2 22 . .4 .6 42 -
+ —-—1—5—6—4’- (5 ~-18t" + t + 14n - 58t'n + 13n + 4n -~ 64n t” -~ 24n6t2)
1.1 : B ' T
AN cos ¢ _ 2 4 .6 : o
+ =510 (61 - 479t" + 179t - £7)) . - (8-6)
-t o 3 2 2 4
Y= ko. S¢ + koN[T sin ¢‘ cos ¢+ -—2—4- sin ¢ cos 4>(A5 -t + 9‘n‘ + 4n )
6

+ %%6~ sin ¢ cossq(ﬁl - $8t2 + ;4 + 270112 - 330;2n2_¥ 445n4.+ 324n6

8

- 680n4t2 + aans.— 600n6t2 ~ 192n t2) )
‘228 g o 2 4 6 ' '
sin ¢ cos’ ¢(1385 - 311t° + 543t° -~ t)} , S (8-T)

-+ %0320

where, AX is in radians (AA =X - A ) ;

lo = 61° 30' 00" W if computing in zone 4;
AO = 64° 30' 00" W if computing in zone S;
t = tan ¢;>
2 a2 - b’ 2
n = ( > ~) cos™ ¢3
b .
a
N = .8 o ;
‘ (1—-e2 sin2 ) 172
a=6 378 206.4m )
) (See note on next page-.)
b =6 356 583.8m )
Xo = 4 500 000 m if computing in zone 4;
xb = 5 500 000 m if computing in zone 5;
ko = 0.99990 ; and

e2 is computed from equation (8-1).
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NOTE: The ellipsoidal parameters used in this manual are for the Clarke
1866 reference ellipsoid as above. In the redefinition a different

ellipsoid may be chosen with 2ifferent parameters a and b.

8.2.2 Transformation of Nova Scotia (X, Y) Grid Coordinates to

(Q,l).deréinates

in é;def'to cﬁmpute ¢'from a given (X, f{j&e first comp€£e the
.latitude’i¢')v;ﬁich coriesponds"to a meridian arg_lengﬁh of S%, = Y.
The latitude ¢' is usuaily referred to as the ;footpoint latitude" and
;ti.s,"é':bmputed ;515 follows [Krakiwsky, 1973; Bonif'o‘rd‘, 1971]. ‘ R
A We éaké;‘as a first approximation to'§;,_

Y

A§i = = .

Then, we use the Newton-Raphson iteration technique to compute a more

accurate value as follows:

¢. =A ¢l — f(gl)
2 1 £'(") ¢!

1

(8-8)

o = o - EWD)
3 2 £'(¢9*) 6

2

etc., until !¢; - ﬁ-ll is smaller than some pre-determined limit, where

from equation (8-4)

2

£($') = a[Ao¢'-~ A_ sin 2¢' + A, sin 4¢' - A_ sin 6¢"+.A sin 8¢']-Y=0

and after differentiation

£'(¢*) = a[Ao - 2 A_ cos 2¢

2

+ 4 A4 cos 4¢' — 6 A_cos 6¢' + 8 A

8

(8-9)

(8-10)

cos 8¢']),
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where the coefficients Ai' i=0, 2, 4, 6, 8 are computed from equations

(8-5). From the iteration of equations (8-8) then, we get,
[ - « .
o' =40

Now, we can compute the (¢,\) ellipsoidal coordinates from the

given (X, Y) grid coordinates from [Thomas, 1952; Krakiwsky, 1973]..

Let
. - X — Xo ) . _Y__
k H b'4 X .
o e}
chens t x2 t 1«:‘1 ' :
$ = ¢* - 21!4 o + 1, — (5 ‘+_3ti + ni - 4n; - 9niti)
11 24 M_N
» 11
t1x6 | 22 4 22 4 6 24
- — (61 — 90t + 46n, + 45t - 252t n_ - 3n. + 100n. - 66t°n. -
1 1 1 11 1 1 171
720 M_N
11
4 2 8 44 2 6 2 8
: + 84 -
‘ 90tln1 + 88'1.!. + 22Stlnl tlnl 192tln1 )
- tlx8 : 2 4 6
+ — (1385 + 3633t1 + 40951—.l + 15751:1) . ) (8-11)
40320 MlNl
X x3 2 2
A=A + [—-"— (1+2t] +10))
- o N 3 1 1
. 1 6 N
. 1
x> 2 2 P 22 4 6 2.4 26
+ —=—— (5 + 6n_ + 28t; - 3n_ + + = 2
3 ( nl tl nl 8t:lnl 24tl 4nl +. 4tlnl + 24tlnl)
120 Ny
x7 2 4 i
- — (61 + 662t:1 + 132()::l + 720ti)]/cos ¢ - (8-12)

5040 Nl.
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whére, tl»=tan¢' v
2 2
2 - a -b 2
nl=( > ) cos” ¢* ,
b
N1= 2, ’

(1-e2 sin? ¢1Y/2

a (i—e?) .
(l—e? sinztt ") 3

77

4 500 000 m if computing in zone 4,

% =
° .
xo = 5 500 000 m. if comp_txting :.n zone S5,
k = 0.99990 ,
() : . e
A, = 61° 30* 00" W = —61° 30' 00" if computing in zone 4,
A, = 64° 30° 00" W = -61° 30' 00" if computing in zone 5, and

. e is computed from equation (8-1).

8.2.3 Error Propagation in Nova Scotid Coordinate Transformations

As well as transforming (¢$,)) to Nova Scotia (X, Y) gridicoor-
dinates (or (X, Y) grid coordinates to (¢, A)), w_e may also wish to trans-
form ahy variance~covariance information. We do this as follows (see for
example, Mikhail [1976]; Wells and Krakiwsky [1971]).

If we let

02 (o
X XY )
2 )
g-x,‘i = 2 metres (8-13)
U ’
XY Y l
_.02 ] —
¢ $A
2
= 8-14
%'1 p 0_2 sec ’ (8-14)
¢A A
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be the covariance matrices of the (X, Y) grid coordinates and (¢, A)

ellipsoidal coordinates respectively, and

-where, bll

b12
by
b22
vhere p‘ =

then,

1

-C

—X,Y

(21 670 AX cos ¢ — 6 390 000 . AX

(6 370 000) %;-4 .
. ‘ X
(6 390 000 AX sin ¢ cos @) . 5

206 264.806. ...

e

e

_ ]
P11 P12

by - Bay

(6 390 000 . cos ¢) %r' .

14

t

A2

where EF is the transpose of B and

where

_ | -1t -
Ca =B Gy D,
o P22 o - P12
b, .b__- b
11°227°21P12 P112257°21P12
o Py o P

—

—

b__-b
bll 22 . 21b12

b . -
b11 22 b2lb12

P (8-15)

. sin §) T .

P

. (8-16)

(8-17)

(8-18)

It should be noted here that equations (8-16) are accurate

enough so that the transformations (8-17) and (8-18) are good to three

significant figures, which should be sufficient for all practical purposes.



56

8.3 Numerical Example

For the numerical example we have chosey a point onltﬁe‘meridian
common to both zone 4 and ;one S, i.e., let
| ¢ = 44° 39*' 03123 N,
A = 63° 00' 0%000 W = -63° 00' 00" .
We wiil éoﬁpute grid coordinates for this point in béthizones

and then transform both sets of grid coordinates back to ¢,A.

8.3.1 (¢, N to (X, ¥)
First, we compute the meridian arc length from the equator to
" ¢ = 44° 39' 02123 N from equation (8-4). We get, from equations (8=5);

. .
A =(0.9983056819)" ie5  *

»
i

0.2542555420 x 10 2

2

A, = 0.2698010543 x io's .

Ag = 0.3502448582 x 108,
-11

Ag = -0.5044416192 x 10 .

and from equation (8-4)
S¢ = 4 945 928.90006 m -
Now, we compute grid coordinates from equations (8-6) and (8-7)
for both zones.

Zone 4

»
I

4 500 000 m ,

x
I

0.999%0 ,
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A\ = - 1° 30' 00"
~ - 0.0261799388 radians ,
t = 0.9878866397
n? = 0.34489174 x 102~ ,

z
‘ﬂ

6 388 894.64974 m .

~and we get .
X = 4381 021.928 m ,
Y =4 946 528.965m ..
Zone 5 . ) :
X =5 500 000 m ..

k_ = 0.99990

A\ = + 1° 30' 00"
= 0.0261799388 radians

t = 0.9878866397  ,

n? = 0.34489174 x 102
N = 6 388 894.64974 m

and we get

X = 5618 978.072 n

Y = 4 946 528.965 m .

8.3.2 (X, Y) to (4:.'1‘),

To trafisform these computed grid coordinage; back to (¢;.A$
'ellipsoida1 coordinatés, we must first compute the footpoint‘latitgde of
the point in each zone. Using the‘iteration téchnique of equations (8-8)
wé get: .

Zone 4

¢i = §-= 0.7756136061 radians -
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©
]

5 0.7756136061 - (- 0.0038630671) = .7794766732 radians

4

¢5 = .7794766732 - (0.7599776152 x 10-7) = .7794765972 radians ,

15

©-
!

= .7794765972 - (-0.1495125943 x 10 ) = .7794765972 radians

" This coméuted éhunge (.1495 ... x ].O_15 radians) - is equivalent “to ‘approx-
imately 3 x 1of11 seconds which corresponds to less than 1 micrometxe on the
ellipsoid, thus we stop the itérgtions!

Thus,

= 7794 72 radians = 44° 39' 38%S86
¢ 7794765972 d 44° 39°* 33"586

Zone S
- Y - ) . . .‘
¢i =~;-= 0.7756136031 radians ,
¢! = 0.7756136061 - (- 0.0038630671) = .7794766732 radians,
2 .
'¢5 = 7794766732 -~ (0.7599776152 x 10-7) = ;7794765972 radians ,

and again the next iteration gives a change in ¢' of about 1 micrometre
(1 x 10-6), thus we stop the iteration which gives;v
/’ .

ereis
. ¢' = 7794765972 radians = 44° 39' 3897586

- Now, we compute (¢, A) from equations (8-11) and (8-12) for

each zone.
Zone 4
xo = 4 500 000 m .

" kx = 0.99990 ,
o

- o _ 4 381 021.928 - 4 500 000 _
*XT Tk T 0.99990 , = - 118 989.9712 m .
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4 946 528.955

Y = = )
y =3 S aes 4 947 023.6669 m ,
t) = 0.9882264479
2 ' -2
n = 0.344774457 x 10 =
N, = 6 388 898.37977 m .,

M, = 6 366 945.76625 m -,

>
]

61° 30' 00" W
= -~gl° 30' 00" ,
and we get

¢ = 0.7793046517 radians = 44° 39' 03"123 ,

A = - 1.099557429 radians

63° 00' 070000 W

--63° 00' 0%000 . -

Zone S-

X =5500000m ,
o m

k = 0.999% ,
o

X-X

o _ 5 618 978.072. - 5 500 000 _
x == 59995 = 118 989.9712 ,
(o]
Y _ 4 946 528.965 _
Y= s = 4 947 023.6669 ,

t. = 0.9882264479

1 o’
"i = 0.34477457 x 10 %
N:

[ 4

6 388 898.37977
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M, = 6 366 946.76625 ,
A = 64° 30" 00" W

and we get

¢ = 0.7793046517 radians = 44° 39' 03"123 N ,
A = - 1.099557429 radians = 63° 00' 0000 W

= - 63° 00' 0-000 -

.8.3.3 Error éropaéaﬁion
The error p;opagation is carried out by simply using equations '
(8-17) and (8-18).

If we choose,

1x10°% gx10°
Eﬁ,l = ‘ _ . arc seconds squared e
8 x lo-loA 2 x 10‘-8
we get:
Zone 4
bll = 0.568032735 ‘
b12 = 22.03895738 v
b21 = 30.38263149 ‘
?22 = — 0.405491826 ,
and, from equation (8-17),
B - ]
_ -6 -7
9.738 x 10 5.410 x 10
_ 2
EX,Y - . - m - .
=7 -6
5.410 x 10 9.521 x 10

and, from equation (8-18),
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1x10%  gx10°
c = arc seconds squared -
Rl o ya-l0 » -8 .
8 x 10 2 x 10
Zone 5
bll = -0.568032735 .,
b12 = ?2.03895738A ’
,b21'é 30788263149: ’
b,, = 0.405491_82§ '

.and, from equation{8e17),

9.698 x 10 ° 5.476 x 10 7 .
v _ . 2.
Sx,v o : - -6 o ‘
5.476 x 10 9.561 x 10
and from equation (8-18)
1x10°%  8x10° ‘ A
c, ‘= L ’ . - arc seconds squared.
8 x 10 )

2 x Zl.O“8
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APPENDIX I

Glossary of Terms

-

- 5 o . - ) ' : ) : o
Variance (0" : sigma squared): Variance is a measure of dispersion in a
sample. When referring to an adjusted coordinate, it is used

as a statistical measure of the reliability of the value obtained

from the adjustment.

.Standard Deviation (0:  sigma): The standard deviation of an adjusted

coordinate is the positive squdre root of the'éorresponding variance.
Covariance (ny: sigma, subscript xy): Covariance is an expression of
the degreé to which two variables are linearly related. When
referring to a pair (e.g. x and y) of goordiﬁate values, it is

a measure of the statistical interdependence of the two values.



Alpha
Beta
Gamma
Delta
Epsildn
Zeta
Eta
Thgta‘
Iota
Kappa
Lambda
Mu

Nu

Omi.cron
P

* Rho
Sigma
Tau
.Upsilon
Phi

Chi

Psi

Omega

ua'z' 2 > R H O M NM P M 7]

D e X o 3 H M"Y RO
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APPENDIX IIL

The Greek Alphabet

o8 Mmoo ™R

Q ©® oA 0 m < B >» R ~

€ € %X o ¢ A
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APPENDIX XIX

Conversions Between Angular Units

The aggular units considered here are degrées (or degrees,
minutes, seconds) and radians. -

One :adian is defined as the angle at the cént;e of a circle of
radius r subtended by an a.rc.oh thé-circtlxxx'xferénce‘ of length r. This is
-illustratedi in Figure A-2. From eleméntarf geometry we know ﬁﬂ;t 't;he_ tot:ai
length C of the>circumference of a éircle éf radius r J.s 'éiven by':.

c=2m (v = 3.14159265..) o
' and since an arc of length r‘sg_!:;ténds. one ;:adiax; at the centre ‘q.f the
‘circle, we must have 2w -radians ‘s.ubtended at the centxe. by ‘the‘ entire
circumference.

One degree is defined .as the ahgie at the centre of a circle
subtended by 1/360 of the circumference .: Thus the entire circumference
subtends an angle of 360 deérees at the centre of the circle:

Thus 'v;ve have defined the angle at the centre of the.circle
subtended by the entire circumference in two ways. Therefore, if we_
denote this angle by a we can write:

a.= 27 radians = -3§0 degrees .

From this we have,

1l radian = 360 degrees ,
2w
oxr
1 radian = }?{2 degrees

I

57.2957795... degrees |.




. FIGURE A-2

_ pefinition of a Radian
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Also,

27
1 degree 360 radlans .

or,

w .
1 degree = 180 radians

= (0.017453292 .... radians |-

Thus, to change an angle expressed in degrees to the same ahgie
expressed in radians we'simply<mu1tiply by i%E . Oonversely, to change
an angle expressed in. radians to the same angle . expressed in degrees we

8
.multlply by 2;9- .

EXAMPLE :

10° 15° 0571 = 10.2514166... degrees

3.14159265...
180

1

(10. 2514166..-)( ) radians

I

0.17892097... radians .
Here the angle was given in degrees, minutes and seconds. We first
change this to degrees (and decimals of a degree) by knowing that: 1°
(one degree) = 60' (sixty minutes); 1' (one minute) = 60" (sixty seconds).
Thus, .
| I0° 15* 0571 = (10 + l§-+ ——-—0 = 10.2514166... degrees.
60 3600 B

Next we change the angle expressed in degrees to the same angle expressed in

radians by multiplying by i%ﬁ .





