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ABSTRACT

After geodetic networks (e.g., horizontal control, levelling, GPS etc.) are monumented,
relevant measurements are made and point coordinates for the control points are estimated by
the method of least squares and the ‘goodness’ of the network is measured by a precision
analysis making use of the covariance matrix of the estimated parameters. When such a
network is designed, traditionally this again uses measures derived from the covariance
matrix of the estimated parameters. This traditional approach is based upon propagation of
random errors.

In addition to this precision analysis, reliability (the detection of outliers/gross
errors/blunders among the observations) has been measured using a technique pioneered by
the geodesist Baarda. In Baarda’s method a statistical test (data-snooping) is used to detect
outliers. What happens if one or more observations are burdened with an error? It is clear that
these errors will affect the observations and may produce incorrect estimates of the
parameters. If the errors are detected by the statistical test then those observations are
removed, the network is readjusted, and we obtain the final results.

Here the consequences of what happens when errors are not detected by Baarda’s test are
considered. This may happen for two reasons: (i) the observation is not sufficiently checked
by other independent observations; and, (ii) the test does not recognize the gross error. By
how much can these undetected errors influence the network? If the influence of the

undetected errors is small the network is called robust, if it is not it is called a weak network.
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In the approach described in this dissertation, traditional reliability analysis (Baarda’s
approach) has been augmented with geometrical strength analysis using strain in a technique
called robustness analysis. Robustness analysis is a natural merger of reliability and strain
and is defined as the ability to resist deformations induced by the maximum undetectable
errors as determined from internal reliability analysis.

To measure robustness of a network, the deformation of individual points of the network
is portrayed by strain. The strain technique reflects only the network geometry and accuracy
of the observations. However, to be able to calculate displacements caused by the maximum
undetectable errors, the initial conditions have to be determined. Furthermore, threshold
values are needed to evaluate the networks. These threshold values are going to enable us to
assess the robustness of the network. If the displacements of individual points of the network
are worse than the threshold values, we must redesign the network by changing the
configuration or improving the measurements until we obtain a network of acceptable
robustness.

The measure of robustness should be independent of the choice of a datum so that the
analysis of a network using a different datum will give the same answer. Robustness should
be defined in terms of invariants rather than the primitives (the descriptors for deformation,
e.g., dilation, differential rotation and shear) since a datum change will change the strain
matrix and therefore the primitive values. Since dilation, differential rotation and total shear
are invariants in 2D, whatever the choice of the datum is the results for dilation, differential
rotation and total shear will be identical. Moreover this should be the case for 3D robustness

analysis.
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Robustness of a network is affected by the design of the network and accuracy of the
observations. Therefore the points that lack robustness in the network may be remedied either
by increasing the quality of observations and/or by increasing the number of observations in
the network. A remedial strategy is likely to be different for different networks since they
have different geometry and different observations. There might not be a solution fitting all
networks but in this thesis a general strategy is given.

In this dissertation first the initial conditions for 2D networks have been formulated then
the threshold values for 2D networks have been developed. Application of robustness
analysis to 1D networks has been investigated and the limitation of robustness analysis for
1D networks is addressed. The initial condition for 1D networks has also been formulated.
Application of robustness analysis to 3D networks has been researched. Moreover, the initial
conditions have been formulated. To evaluate 3D networks, the threshold values have been
developed. Strain invariants in 3D have been researched. It is proven that dilation and
differential rotation are invariants in 3D. It has been discovered that total shear is not
invariant in 3D Euclidean space. Therefore the maximum shear strain in eigenspace has been
extended into a 3D formulation. The relation between 3D and 2D in terms of invariants has
been shown. For the networks which need to be improved, a remedial strategy has been

described.
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CHAPTER ONE

INTRODUCTION

This chapter introduces the developments and problems in robustness analysis. In section
1.1 the developments which have been made about robustness analysis so far are briefly
mentioned and further developments are addressed. Section 1.2 provides a literature review.
The contribution of this research is outlined in section 1.3 and in section 1.4 an outline of this

dissertation is given.

1.1 Research Motivation

After geodetic networks (e.g., horizontal control, levelling, GPS etc.) are established,
relevant measurements are made and point coordinates are estimated by the method of least
squares. However, the method of least squares does not give any information about the
robustness of networks. To measure robustness of a network the degree of the deformation of
individual points of the network is measured by strain.

In statistical literature robustness means insensitivity to gross errors or outliers in the data.
In the approach described in this dissertation, traditional reliability analysis (Baarda’s
approach) has been augmented with geometrical strength analysis using strain in a technique

called robustness analysis. This is outlined in Vanicek et al. [2001] for 2D networks. In the



developments which are addressed in this thesis displacements (‘potential deformation’ that
could be introduced by the undetected errors in the observations) are quite different than
what is described in Vanicek et al. [2001]. So how can these displacements be obtained in 2D
networks? In order to be able to do that, first the initial conditions (coordinates which are
obtained minimizing the norm of the displacement vectors at all points in the network) need
to be determined. Having obtained the initial conditions the displacements can be computed
for 2D networks. However some threshold values (the values which displacements are
compared against which ideally should not be exceeded) are needed to evaluate the networks.
These threshold values are going to enable us to assess the robustness of networks.
Furthermore, how can robustness analysis be applied to 1D networks? Can it be applied
directly or is there a limitation? Are the applications of robustness analysis to 3D networks
the same as the application of robustness analysis to 2D networks?

In Vanicek et al. [2001] a complete and detailed description of the potential network
deformation in terms of three independent measures representing robustness in scale, in
orientation and in configuration are given (these are also called ‘robustness primitives’ or
‘robustness measures’) for 2D networks. However robustness should be defined in terms of
invariants (unaffected by a designated operation. In the case described in this dissertation,
unaffected by translation, scale and rotation of a coordinate system) rather than the
primitives. Hence we use primitives with the property of invariants. Therefore the primitives
which are not invariant will not be employed. Vanicek et al. [2001] shows that the
primitives; dilation, differential rotation and total shear are invariants in 2D. It means that no

matter what the choice of the datum is the results for dilation, differential rotation and total



shear will be identical. Moreover this should be also the case for 3D robustness analysis. So
what are the invariants in 3D?

Furthermore can the invariants in 2D be obtained from the 3D solution? How can this
transformation be achieved? In geodetic networks some points might lack robustness. If there
is lack of robustness according to the robustness analysis of a network, what should be the
remedial strategy?

In this thesis, application of robustness analysis to 3D and 1D networks is going to be
investigated. Threshold values for 2D and 3D networks are going to be determined. Then, to
be able to talk about robustness analysis of geodetic networks in 3D, the research is going to

be expanded to determine the invariants in 3D.

1.2 Literature Review

Love [1944] gives a historical background for the mathematical theory of elasticity and
investigates the general theory of strain and analysis of strain. Information about analysis of
strain may also be obtained in Sokolnikoff [1956] and Timoshenko and Goodier [1970].
These authors are either mathematicians or from the field of engineering mechanics.

Terada and Miyabe [1929] used strain to describe deformation of the earth surface caused
by earthquakes. According to Pope [1966], in a series of papers in the Bulletin of the Institute
for Earthquake Research of the University of Tokyo, Terada, Miyabe, Tsuboi and others

described these techniques and applied them to various areas in Japan and Taiwan. The next



scientist interested in strain analysis was Kasahara. In Kasahara [1957], [1958a], [1958b] and
[1964], the work of Terada, Miyabe and Tsuboi were referenced and the earlier analysis was
extended. Burford [1965] computed the components of strain for an arc of triangulation in
Southern California. Independently, Frank [1966] derived methods for computation of strain
components and pointed out their advantages and disadvantages. The above authors are
geologists or geophysicists [Pope, 1966]. Pope (the first known geodesist to deal with strain
analysis) also used this technique for application to repeated geodetic surveys to determine
crustal movements.

The use of strain to analyze the strength of a geodetic network was first attempted at
University of New Brunswick, this was performed by Thapa [1980]. In this study, the impact
of incompatible observations in horizontal geodetic networks was investigated using strain
analysis. Vanicek et al. [1981] elaborated on this approach. In Dare and Vanicek [1982] a
new method for strain analysis of horizontal geodetic networks based on the measurement of
the network deformation was presented. Dare [1983] developed a method for the strength
analysis of geodetic networks using strain; also studied was the effect of scale change, twist
or shear. In Craymer et al. [1987] a program package called NETAN for the interactive
covariance, strain and strength analysis of networks was introduced. Vanicek et al. [1991]
combined the reliability technique introduced by Baarda and the geometrical strength
analysis method into one technique called ‘robustness analysis’. Vani¢ek and Ong [1992]
investigated the datum independence problem in robustness analysis. In Krakiwsky et al.
[1993] further developments of robustness analysis were given, such as singularities in

robustness, precision of robustness measures and interpretation of robustness measures.



Szabo et al. [1993] described robustness analysis of horizontal geodetic networks. Craymer et
al. [1993a], [1993b] and [1995] presented further findings about robustness analysis.
Robustness analysis of horizontal geodetic networks was also studied by Ong [1993] and
Amouzgar [1994]. Vanicek et al. [1996] describe a more economical algorithm for searching
for the most influential observations in large networks, investigated alternative methods of
defining the local neighborhood for which strain measures are computed for each point, and
proposed a method of network classification that takes into account both precision (random
errors) and accuracy (systematic biases) of point positions. Vanicek et al. [2001] (with
amendments in Craymer and Vanicek [2002]) summarized the findings about robustness
analysis and gave an explicit proof for the robustness datum independence. In this

dissertation, the above references have been used and further developments are addressed.

1.3 Contribution of this Research

e Application of robustness analysis to 2D networks is outlined in Vanicek et al. [2001]
and Craymer and Vanicek [2002]. However to be able to calculate displacements caused
by maximum undetectable errors, the initial conditions have to be determined. In this
dissertation the initial conditions for 2D networks have been formulated.

¢ Inorder to be able to assess the goodness of geodetic networks some threshold values are

needed. In this thesis the threshold values for 2D networks have been developed.



e Application of robustness analysis to 1D networks has been investigated and the
limitation of robustness analysis for 1D networks is addressed. The initial condition for
1D networks has also been formulated.

e Application of robustness analysis to 3D networks has been researched. Moreover, the
initial conditions have been formulated.

e To evaluate 3D networks, the threshold values have been developed.

e Strain invariants in 3D have been researched. It is proven that dilation and differential
rotation are invariants in 3D. It has been discovered that total shear is not invariant in 3D
Euclidean space. Therefore the maximum shear strain in eigenspace has been adopted in
3D formulation.

e The relation between 3D and 2D in terms of invariants has been shown.

e [f a network is not robust (i.e., there are some points that lack robustness) at a required
level it needs to be improved. In this dissertation a remedial strategy to overcome the lack

of robustness has been described.

1.4 Outline of Dissertation

The logical progression of thought is presented as concise as possible. In order not to
interrupt the flow of the arguments, all the derivations are provided in the appendices.
Chapter 2 gives a review of robustness analysis and shows the application of robustness

analysis to 3D, 2D and 1D geodetic networks.
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Chapter 3 explains how displacements at networks points are computed and it addresses
how threshold values for 2D and 3D networks are determined.

Chapter 4 presents the numerical examples for 2D and 3D networks. If the networks are
not all robust at the required level, they need to be remedied. In Chapter 4 the remedial
strategies are described. And it also opens a discussion about how geodetic networks should
be assessed.

Chapter 5 analyzes the invariants in 3D and provides the numerical results for 3D
invariants. Since it is shown that total shear is not invariant in 3D, maximum shear strain is
extended to 3D. It also outlines the relation between 3D and 2D in terms of invariants.

Chapter 6 concludes the thesis and lists the recommendations for further research.

Appendix-I shows how strain matrix is estimated for 1D, 2D and 3D cases.

Appendix-II explains how initial conditions are determined.

Appendix-III outlines the use of principal strains in 3D.

Appendix-IV gives the proofs for rotational invariance in 3D.

Finally a complete reference list and the author’s vita are presented.



CHAPTER TWO

APPLICATION OF ROBUSTNESS ANALYSIS

This chapter outlines the application of robustness analysis to different dimensions. In
section 2.1 a review of robustness analysis is given. In section 2.2 application of robustness
analysis to 3D networks, in section 2.3 application of robustness analysis to 2D networks and

in section 2.4 application of robustness analysis to 1D networks are addressed.

2.1 A Review of Robustness Analysis

After geodetic networks (e.g., horizontal control, levelling, GPS etc.) are established, they
are measured and point coordinates are estimated by the method of least squares. What
happens if one or more observations are burdened with errors? It is clear that these errors will
affect the observations and may produce incorrect estimates of the parameters. Therefore
they normally should be detected and corrected. Generally in practice they are removed and
the network is readjusted. To detect the errors among the observations Baarda’s method of
statistical testing (data-snooping) is often used. What happens if these errors are not detected
by the test? This may happen for two reasons: (i) the observation is not sufficiently checked
by other independent observations; and, (ii) the test does not recognize the gross error. These

situations were first investigated by Baarda [1968].



An element of the maximum undetectable error vector Al among the observations which

would not be detected by a statistical test is given by Baarda [1968] as

Aly = A

0.
. (2.1)

i

where /A is the value of the shift (non-centrality parameter) of the postulated distribution

in the alternative hypothesis. o, is the a priori value of standard deviation of the i"

observation and r; is the redundancy number of the i observation. Redundancy number is a
number between 0 and 1 and it gives the ‘controllability’ of the observation. If it is 1, it is
said that the observation is very well controlled. If it is 0, it means that only the minimum
number of observations are connecting the point to the rest of the network. The estimate for
the displacements Ax caused by the maximum undetectable errors Al in the observations is
given by
Ax=(ATPA) ATPAI (2.2)

where A is the design matrix and P is the weight matrix. The entire procedure of computing
Ax is explained amply both in Vanicek et al. [1991] and [2001]. In this dissertation the
correlations among the observations are not considered. In case of correlations the reliability

measures must be reformulated. For more information about the correlated cases, interested

readers are referred to Chen and Wang [1996] and Schaffrin [1997].
The non-centrality parameter /Ay in eq. (2.1) is function of both the probability of

committing a Type-I error (o) and the probability of committing a Type-II error (). The

values to use for a and  are not easy to define. The problems associated with this issue are



discussed in Krakiwsky et al. [1993]. Krakiwsky et al. [1993] state that Baarda used 0.1% for
a but did not realize that this value corresponds to o/n for in-context testing (for more
information about in-context testing interested readers are referred to Krakiwsky et al.
[1994]). Furthermore, in order to obtain a reasonable a (e.g., 5%) B had to take on a high
value of 20%. But they also articulated that 20% is too large to use in geodetic practice so
instead they recommend a more conservative 3 value of 5%. Therefore throughout this thesis
5% for a and 5% for B are assumed. On the other hand one might think that by simply
changing the value of  the displacements can be tailored to meet any specified value. Note
that higher confidence (1-a) and power levels (1-B) would lead to a larger non-centrality
parameter and thus require better network design and redundancy to achieve the same
accuracy. This in turn leads to higher costs that may render the survey uneconomical.

One may be interested in measuring the deformations using strain on a local scale such as
engineering applications or regional and global scale such as crustal dynamics analysis. Let
us start by saying that within the context of geodetic network coordinate estimation
robustness analysis can be applied wherever the Least Squares Method is applied. However
one must not get the false impression that when using robustness analysis one is dealing with
an actual deformation (physical movement of points) due to external forces such as crustal
motions. With robustness analysis one is dealing with potential deformation that could be
introduced into the coordinates by undetected errors in the observations. So throughout this
dissertation the term ‘displacements’ means ‘potential deformation’ that could be introduced
by the undetected errors in the observations and this will be considered as a kind of potential

‘displacements’. On the other hand strain analysis has been utilized in crustal dynamics
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analysis for many years; interested readers are referred to Pietrantino and Riguzzi [2004] for
examples and details.

Nonetheless, the problem with the displacements in eq. (2.2) is that their estimates are
datum dependent. This means that these estimates depend not only on the geometry of the
network and the accuracy of the observations but also on the selection of constraints for the
adjustment; this has nothing to do with the network deformation. Robustness of a network
should depend only on the network geometry and accuracy of the observations. Therefore the
strain technique is used as it is independent of adjustment constraints and reflects only the
network geometry and accuracy of the observations. To measure robustness of a network the
degree of deformation at individual points of the network is measured by strain. Traditional
reliability analysis (Baarda’s approach) has been augmented with the strain technique and

termed robustness analysis; this is outlined in the following sections.

2.2 Robustness Analysis of 3D Networks

Vanicek et al. [1991] formulated the expressions for the various deformation primitives in
3D. However the problem was that geodetic networks are inherently only 2D in nature since
they lie on the surface of the Earth whose variations in height are much smaller than those in
the horizontal dimension. In other words the configuration of geodetic networks are usually
nearly two-dimensional, i.e., superficial, as the heights may not differ too much from each

other. Then the strain in the dimension perpendicular to the surface may become ill-defined.
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Coordinates can be curvilinear or cartesian. The problem with the curvilinear coordinates is
that when the points have the same height, the height difference between points relative to
each other is zero. In this case it is thought that instead of curvilinear coordinates cartesian
coordinates can be used. In this thesis two coordinate systems are used: Conventional
Terrestrial (CT) system and Local Geodetic (LG) system (for more information about the
coordinate systems see Vanicek and Krakiwsky [1986]). Naturally most satellite positioning
work is done in CT system and most traditional horizontal positions are given in LG system.
Since the magnitude (length) of the displacement vector is independent of the coordinate
system, networks can be assessed in any coordinate system.

If 1%, 2", 3 order etc. geodetic networks are taken into account, generally horizontal
distances between/among these points are of the order of a few kms whereas the heights
between/among these points do not vary much especially in urban areas. In this dissertation
these types of networks are analyzed whereas special networks such as high precision
networks for engineering projects or open pit mines are not considered.

Let us denote the displacement of a point P; by

AXi Uy
AXi = Ayl =1V (23)
Az; Wi

1
where u is the displacement in the x direction, v is the displacement in the y direction and w
is the displacement in the z direction. Then the strain matrix is [Love, 1944; Sokolnikoff,

1956 and Timoshenko & Goodier, 1970]
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I aui aui aui |
ox dy 0oz
B = ov; odv; v _ 0.4)
! ox dy 0z
aWi Bwi Bwi
| ox dy 0z |

This may be applied to geodetic networks as follows:

Jdu ou Jdu

a+g(X X)+E(Y Y)+¥(Z ~Z)=u, (2.5)
o (v _ v, Ni(, 5\

bi+a—X(Xj X, )+ - iy, -y, )+ - iz, -7,)=v, (2.6)
ow ow ow

. +X(X ~X, )+W(Y Y)+¥(zj—zi)_wj (2.7)

where all the partial derivatives as well as the absolute terms a;, b;, ¢; and the coordinates X;,
Y; and Z; refer to point P; and point P; is connected (by an observation) to the point of
interest, point P;. The estimation of E may be seen in Appendix I. The strain matrix can be

decomposed into two as follows
1 . 1 T
E:E(E+E )+5(E—E ) (2.8)

E=S+A (2.9)
where the matrix S describes symmetrical differential deformation and the matrix A

describes anti-symmetrical differential deformation at a point as
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du 1f3w dvi) 1f3u; dw;
ox 2 dy  ox 2( 9z ox
Si _ l 8L+ aui aVi l aVi n Bwi (210)
2 ox  dy dy 2\ dz oy
1(ow; +8ui 1( ow; +8L ow;
[2{ ox 0z ) 2( dy oz oz
and
o LfOui _vi) 1f3w 9wy )
2 dy ox 2\ 0z 0ox
A, =] L[V du 0 Lfav; _9w; 2.11)
2| ox 9y 2\ 9z 9y
1fow; duj ) 1fdw; dv; 0
(2 dx 0z ) 2{ dy 9oz |

Thus robustness primitives in 3D can be calculated for each point in the network accordingly,

for example, Sokolnikoff [1956], Ramsay [1967], Vanicek et al. [1991] show that:

Dilation o; = %[%‘;‘ + aavyi + aav;i ] (2.12)
Pure shear (xy) Tay; =~ Tyx; = %[aail _ aa‘;l ] (2.13)
Pure shear (xz) Ta =~Tpx. _%[381;1 _aavilj (2.14)
Pure shear (yz) Tyz, = oy, —%[%_ aa";i ] (2.15)
Simple shear (xy) Vyy, =Vyx, = %[aa‘;‘ ﬁa%] (2.16)
Simple shear (xz) gy =V :%[3811; aa%) 2.17)



Simple shear (yz) Vg, =V, = %(aalzi aav;l (2.18)
Differential rotation (xy) @y, =-0y, = %[% - aa\)/(] (2.19)
Differential rotation (xz) @y, =-0,; :% aauzl _ aaV:(i ) (2.20)
Differential rotation (yz) Wy, =0y, = % aalzl _ aa";’]i ] (2.21)
Total shear (xy) Yxy, = *ciyi + Diyi (2.22)
Total shear (xz) Vxz; = ”C%Z Lt D%Z ; (2.23)
Total shear (yz) Yyz, =+Tyz + ”izi (2.24)

2.3 Robustness Analysis of 2D Networks

Robustness analysis of 2D networks may be thought as a special case of 3D analysis. In

Vanicek et al. [2001] a displacement of a point P; is denoted as

Ax, = = (2.25)
Ay, Vi

where u is the displacement in the x direction and v is the displacement in the y direction.

Then the tensor gradient with respect to position is
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| ox 9y
BT oy
ox dy

(2.26)

The estimation of E may be seen in Appendix I. Using eq. (2.8) the strain matrix E can be

decomposed into its symmetric S and anti-symmetric A parts; i.e.,

E=S+A
where
du; l(ai i)
S. = ox 2 dy Ox A =
bl ovi aui) v; T
2 0x dy ay

(2.27)

(2.28)

and the primitives can be formulated as follows, for example, see Frank [1966], Ramsay

[1967], Vanicek et al. [2001].

Dilation

Pure shear

Simple shear

Differential rotation

Total shear

_ 1 duy; avi i,
% 2 9x ay
1 au Vi
K 2( ox dy oy
v; 1 du; avl)
2 dy Ox
o =L Vi i)
2 dx dy
Yi = Tiz + Uiz

16

(2.29)

(2.30)
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(2.32)
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2.4 Robustness Analysis of 1D Networks

Classical Geodetic height networks are measured utilizing Trigonometric Heighting or
Differential Levelling techniques. ‘Measurements’ are the height differences between/among
the points. Thus heights are determined well whereas horizontal coordinates are only
approximately known. Therefore in this type of network, one concentrates on the
displacements in the vertical direction. In sections 2.2 and 2.3 it was shown how the strain
technique is applied to 3D and 2D networks but how can it be applied to 1D networks?

Let us denote the displacement of a point P; by

Ax; =[Az;|=[w;] (2.34)
where w is the displacement in the z direction. Then the tensor gradient with respect to

position is

E = {awi } . (2.35)

0z

The estimation of E may be seen in Appendix I. However since there is only one component
in the strain matrix not all the primitives (e.g., dilation, pure shear, simple shear, differential
rotation and total shear) can be defined. Only expansion may be defined which is dilation.

With eq. (2.35) one must not get the false impression that the application of robustness
analysis to the vertical dimension views the problem as purely one dimensional. This
formulation does not assume that all points in the network lie on a vertical line located at a
single horizontal position. As one may envisage the control points have their horizontal

coordinates as well. However as it is indicated above, in 1D networks, heights are determined
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well whereas horizontal coordinates are only approximately known. Obviously if horizontal
coordinates are only approximately known it means that the displacements in 2D cannot be
determined properly. That is why in this type of network one only concentrates on the
displacements in the vertical direction.

On the other hand in 1D networks there are some issues which need a closer look. Strain

is calculated as
e=—— (2.36)

where 1" is the deformed length and 1 is the original length of the object. This is the
definition in the theory of elasticity, whereas in Geodesy distances (in 1D networks the
height differences between the points) can be thought of as beams of rigid length. Then in 1D
networks one might run into a problem. When two points have nearly the same height (a
common occurrence) the strain with respect to height may become extremely large and
mislead the results.

To overcome this problem finite strain could be used since the strain with respect to
height might become very large. In eq. (2.36), if the ratio of numerator to denominator
becomes large, it is said that the strain is no longer infinitesimal strain; under these
circumstances it becomes finite strain. The difference between finite strain and infinitesimal
strain is that in finite strain the higher-order differentials of displacements are considered
(Love [1944]). Furthermore if the two points have exactly the same height finite strain would
not help because as can be seen in eq. (2.37), the result would be infinity since

Al Al
e:—:—:oo

o= (2.37)
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Moreover it was investigated that the height from a surface such as ellipsoid or geoid
could be defined but then the physical changes from that surface to the point of interest

would not be explained; see Fig. 2.1.

Deformed Earth surface

Earth surface

Level surface through Pi

Reference surface

U
Fig. 2.1 Height from a surface.

If the strain is calculated by taking into account the height from a reference surface, we write

L H+Z-(H+2) _ Az
H+7Z H+Z

(2.38)

where H is the height of the point of interest (Pi) (at which the strain is sought) from a
reference surface, Z is the height difference between the point of interest and a connected
point (Pj), Z’ is the deformed height and AZ is the displacement. Nevertheless there is not an
immediate answer for application of robustness analysis to 1D networks. Computation of

displacements and threshold values are given in Chapter 3.
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CHAPTER THREE

THRESHOLD VALUES FOR GEODETIC NETWORKS

This chapter addresses how threshold values are determined for 2D and 3D networks. To
accomplish this in section 3.1 computations of displacements are shown. In sections 3.2 and

3.3 determination of threshold values for 2D and 3D geodetic networks are addressed.

3.1 Computation of Displacements

In robustness analysis the deformation caused by the maximum undetectable errors is
estimated through strain analysis. In other words by using strain analysis one moves from
displacement field to strain field. However, here some threshold values for the robustness
primitives are sought. This means that one has to return from strain field to displacement
field to determine how much the displacements caused by maximum undetectable errors a
network could “handle”. To be able to compute the threshold values for networks firstly
initial conditions for networks must be determined. Only then can the threshold values for
robustness primitives be calculated.

Application of robustness analysis to geodetic networks has been outlined in Chapter 2.
But how can the displacements be calculated? It is postulated that displacements in 3D are

computed as follows
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_aui aui aui_
A o
Vi Vi Vi
= Y. -Y 3.1
Vi ox dy 0oz 0 G-
Wi aWi Bwi Bwi Zi _ZO
| ox dy 0z |

where u is the displacement in the x direction and v is displacement in the y direction and w

is displacement in the z direction. In 2D, displacements are calculated as

dui  duj
uj ox ady | Xi—Xp
= . 3.2
[Vi} 9vi 9y [Yi_YO} G2
ox dy

In egs. (3.1) and (3.2), the coordinates X;, Y; and Z; refer to point P;, which is the point of
interest and X, Yo and Z are the initial conditions.

Equations (3.1) and (3.2) are a system of first order differential equations. In order to
solve them, they should be integrated; the integration process is explained in Vanic¢ek and
Kwimbere [1988]. Here the idea is that to solve the system of differential equations, one
ordinarily needs the boundary values. However in our case we have no idea what the
boundary values should be. Thus instead the boundary values are replaced by a condition that
the norm of all displacement vectors at all points in the network should be a minimum. This
is similar to a generalized inverse solution. It turns out that this minimization yields a set of

useful ‘initial conditions’, the condition that the displacement of the centroid be equal to 0.
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Yo :__ )>XX,

Xo

Fig. 3.1 Representation of initial conditions

In Fig. 3.1, the network in black was the network before the deformation. After the
deformation, it is deformed and became the network in red. In the circle window one of the
points in this network is zoomed in. In this window d is the total displacement at this point.
To determine the initial conditions the norm of these displacement vectors at all points in the
network is minimized. If the norm of the displacement vectors at all points in the network is
minimized, the initial conditions are attained. Essentially these initial conditions tell us
where the network was before the deformation. The calculation of initial conditions may be
seen in Appendix II. One thing should be emphasized here that without determining the
initial conditions this research would not be possible. After computing the displacements for

each point in the network, the total displacement at each point in 3D is calculated from
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dj =u? +vi+w? (3.3)

and accordingly in 2D it can be calculated from

d; =1[ui2 +Vi2 . (3.4)

3.2 Threshold Values for 2D Networks

As it is expressed in section 2.1, the displacements computed using eq. (2.2) are datum
dependent. This is the reason that strain analysis is introduced to robustness analysis since
the strain technique is independent of adjustment constraints and reflects only the network
geometry and accuracy of the observations. On the other hand to assess the displacements
some threshold values are needed. Vanicek et al. [1991] state that the relative confidence
region represents the relative accuracy between the two stations. It is not datum dependent
and is most often used to define the accuracy of a network. This is the main reason that the
following specifications are used to determine the threshold values.

The specifications given by the Canadian Geodetic Survey Division (GSD) are used to
compute threshold values. The GSD specifications are given in GSD [1978].

A survey point of a network is classified according to whether the semi-major axis of the
95% confidence region, with respect to other points of the network, is less than or equal to:

I = C (dij + 02) (35)
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where 1;; 1s in centimetres, d;; is the distance in kilometres between points P; and P; and Cis a

dimensionless factor assigned according to the order of survey as given in Table 3.1.

Table 3.1 The values for factor C for different orders of geodetic networks.

Order | Average Length | Factor C
1™ 20 km 2
2" 15 km 5
3" 10 km 12
40 5 km 30

In robustness analysis the effect of the maximum undetectable errors which would not be
detected by the statistical test on the network are searched for. Although the GSD
specifications are given for random errors it means that by definition some certain amount of
error is accepted in the GSD networks. Here a tacit acceptance has been made of certain
values as ‘acceptable’, random or systematic. In this thesis these specifications are used as an
example but they will likely vary from country to country. As the GSD specifications relate

to pairs of points, in this dissertation the following formula is implemented:

8, =luj—ui P+ v —v P (3.6)

where i and j are the points in question and Srij is the relative displacement between points P;

and P;.

Here the relative displacements are calculated using eq. (3.6) to be able to compare them
with the specifications used by GSD. The absolute displacements are also calculated at
network points using eq. (3.4) for help in the interpretation and graphical display.

Vi, j;1,)=1,2,...,n, Srij is calculated and compared with 1. If for Vi, j: Srij <rj then the
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network is robust at the required level of probability. If for some 1,j: Srij > 1jj, the network is

weak, i.e., some of the points do not meet the required level of robustness (at the required
level of probability). Numerical examples are shown in Chapter 4.

While working on 2D networks, having in mind that the configuration of geodetic
networks are usually nearly two-dimensional (i.e., superficially, the heights may not differ
too much from each other) the application of robustness analysis to 3D networks was a very
distant possibility. So the GSD specifications which are given in GSD [1978] are used to
compute threshold values in 2D. As time went by it seemed that the application of robustness
analysis to 3D networks might be possible. To accomplish this, the threshold values for 3D

networks needed to be determined. This is explained in the following section.

3.3 Threshold Values for 3D Networks

The “Accuracy Standards for Positioning” GSD [1996] are used to compute threshold
values. The standard ellipse representing the one-sigma network accuracy of the adjusted
horizontal coordinates at point P;, is defined by its major (a) and minor (b) semi-axes. Using
the elements of the covariance matrix of the parameters, they are computed as can be seen in
egs. (3.7) and (3.8). Derivations of these equations may be found in Mikhail and Gracie
[1981], page 227, equation numbers 8-56 and 8-57. Since the accuracy standards for control

points in geodetic networks are sought, eigenvalues of the covariance matrix are calculated as

/2
Gy = [(ci to )/2+qi]l (3.7)
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/2
Gp, =[(ci +c§ )/2—qi]] (3.8)

i

where q; is an intermediate result calculated as follows

=2

1

1/2
-2 )2/4+<s2 } (3.9)
Yi Xyi

and where

\S)

6~ is the variance of X coordinate (mz)

1

>

032/ is the variance of Y coordinate (m?)

i

Oxy. is the covariance of X and Y coordinates (mz)

To obtain semi-axes of the 95% confidence ellipse, we write

c =2450,, (3.10)

a9s;
Opys =2.450, . (3.11)
The 95% confidence interval representing the network accuracy of the ellipsoidal height is

obtained by multiplying Gy ; (in units of metres), which is extracted from the covariance

matrix, by the expansion factor 1.96 for a single variate probability distribution. Therefore in

this dissertation the following formula is implemented:

8 = |62 +062 +02 3.12
! ags, bos; hos; (3.12)

where G, is semi-major axis of the 95% confidence ellipse, Gy, . is semi-minor axis of
the 95% confidence ellipse, o}, 05 is 95% confidence interval of height component and 9; is

the threshold value which the displacements are compared against. In this equation the

horizontal semi-axes must be scaled by (2.795/2.447) and the vertical interval by
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(2.795/1.960). So first one needs to replace the 2D expansion factor and the 1D expansion
factor with the 3D expansion factor before forming the 3D limit which is an approximation
of the 3D confidence ellipsoid.

The confidence ellipsoid could be used to determine the accuracy of adjusted coordinates
at network points for GPS networks since one may have the full covariance matrix for GPS
observations. However, with the traditional approach of classical (terrestrial) three
dimensional networks, horizontal and vertical coordinates are obtained separately so
generally a full variance covariance matrix is not available. Therefore in this thesis the
general case which has already been suggested by GSD of Canada is implemented.

Here the displacements are calculated using eq. (3.3) to be able to compare them with the
threshold values. The threshold values for each point in the network are computed using eq.
(3.12). Since the magnitudes (lengths) of displacements are invariant from coordinate
systems, comparison can be made in any coordinate system.

d; is calculated and compared with ;. If for Vi =1,2,...,n: Pi: d; < §; it means that the

network is robust at the required level of probability. If for some i: d; > §; the network is
weak at Pi, i.e., some of the points do not meet the required level of robustness (at the

required level of probability). Numerical examples are shown in Chapter 4.
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CHAPTER FOUR

NUMERICAL RESULTS

In this chapter the robustness analysis technique is applied to simulated, terrestrial and
GPS networks. In section 4.1 numerical examples for 2D networks and in section 4.2
numerical examples for 3D networks are presented. If there is lack of robustness according to
the robustness analysis of a network, it needs to be improved and this is explained in section
4.3. Section 4.4 opens a discussion about the application of robustness analysis to geodetic

networks.

4.1 Numerical Examples for 2D Networks

The following examples are based on a datum specified by minimal constraints. If more
than minimal constraints are used, one faces a very different problem which is an
overconstrained solution. An overconstrained solution shows a deformation different from
that of a minimally constrained solution. The additional deformation due to introduced
constraints over and above the minimal ones is not considered in this dissertation.

To be able to show the power of the technique three different networks are examined. The
first network is the HOACS2D network. It is a synthetic horizontal network, shown in Fig.
4.1. The network consists of 11 points, one of which (point 1) is fixed, 38 directions, 19

distances and 1 azimuth from point 6 to point 5. The distances are assigned a realistic
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standard deviation of 3 mm + 2 ppm while the directions are assigned a standard deviation of
0.5". The datum orientation is defined by the azimuth with a standard deviation of 1".

In this network all directions and distances are measured. On the other hand, as can be
seen from Fig. 4.1, the geometry of the network is not good. The redundancy numbers of the
observations at the edge of the network are low compared to the other observations in the
network. Hence bigger displacements are obtained at edge points.

From the detailed analysis of the original observations it is found out that since the
distances between the points 8-10, 8-11,9-10 and 10-11 are longer than the other distances in
the network, their standard deviations are larger compared to the other distance observations

in the network. Hence bigger displacements are obtained at these points.
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HOACS2D NETWORK
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Displacement scale
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Fig. 4.1 Displacements in HOACS2D network.

The displacements are computed using eq. (3.4) and plotted in Fig. 4.1. Then relative
displacements are calculated using eq. (3.6) and compared with the specifications from eq

(3.5); the comparisons are given in Table 4.1. In this network for Vij: 1,2,...,n : (P;P;): 8rij <

rjj SO it is a totally robust network.
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Table 4.1 Relative displacements and threshold
values for HOACS2D network (m).

Points Or;j Ljj

1-2 040 | 1.59

1-3 035 | 2.82

2-3 0.07 | 143

2-4 0.13 | 1.34

3-4 0.08 | 1.51

3-5 0.10 | 145

4-5 0.09 | 0.88

4-6 0.06 | 0.99

4-7 0.12 | 0.79

5-6 0.04 | 1.82

6-7 0.18 | 0.84

6-8 0.20 | 0.57

6-9 022 | 042

7-8 0.03 | 0.97

8-9 0.02 | 1.33

8-10 0.08 | 0.76

8-11 0.13 | 0.62

9-10 0.08 | 0.59

10-11 0.10 | 0.76

The second network is called Realnet and is shown in Fig. 4.2. It is an example of a real
horizontal terrestrial network in southern Quebec consisting of 58 points, one of which (point
1) is fixed, 307 directions, 125 distances and 1 azimuth observation from point 1 to point 3.
The range of the standard deviations for the direction observations are 0".6-2".0 for the
distance observations 1-34 cm and the standard deviation for the azimuth observation is 1".
Note that the robustness of 4 points (#19, 23, 25, 55) is undefined. This is due to a singularity
at these points which are linked to the rest of the network by only one observation.

Singularity cases have been addressed by Vanicek et al. [2001].
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REALNET NETWORK
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Fig. 4.2 Displacements in Realnet network.

As can be seen from Fig. 4.2, the geometry of the network is not good there are some very

low controlled points such as points 10, 11 and 16. Moreover, most of the distances in the

network were not measured. Therefore the redundancy numbers of these observations are

rather low. Hence very big displacements are obtained at these points. Therefore in this

network for some pair of points Srij > rjj; these pairs of points are identified in Table 4.2 by

an asterisk.

The displacements are computed using eq. (3.4) and plotted in Fig. 4.2 and then relative

displacements are calculated using eq. (3.6) to be able to compare them with the

specifications; the comparisons are given in Table 4.2.
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Table 4.2 Relative displacements and threshold values for Realnet network (m).

Points rji Lij Points rji Lij Points | or;; Tjj Points dry; Tjj

1-27 0.20 | 0.88 8-34 0.47 1.39 | *17-57 | 0.66 0.45 32-34 | 0.09 1.59

1-12 0.34 1.43 | *8-48 1.23 0.81 | 20-51 | 0.39 0.93 32-33 | 0.30 2.93

1-14 0.42 1.79 9-37 0.63 0.81 | 20-44 | 0.28 0.91 33-49 | 0.25 2.11

1-21 0.33 | 0.50 | *9-36 | 0.64 0.48 | 20-53 | 0.22 0.88 33-34 | 0.29 2.04

1-13 0.11 1.13 9-21 0.44 0.86 | 21-22 | 0.19 1.50 33-48 | 0.56 0.84

1-38 0.23 | 0.66 9-38 0.47 0.68 | 2140 | 0.36 0.64 34-49 | 0.30 2.33

1-36 0.33 1.60 9-13 0.19 1.10 | 21-14 | 0.51 1.29 34-48 | 0.77 1.28

1-37 0.34 1.49 | *10-12 | 2.75 2.60 | 21-39 | 0.38 0.46 35-49 | 0.29 2.32

1-9 0.30 | 0.57 | *11-12 | 2.99 220 | 21-38 | 0.20 0.44 36-37 | 0.17 1.30

1-2 045 | 098 | *12-17 | 1.38 0.71 | 21-27 | 0.20 0.55 38-39 | 0.28 0.52

1-5 0.31 0.63 | *12-56 | 1.20 0.89 | 21-31 | 0.22 0.47 39-40 | 0.06 0.59

1-3 0.21 1.03 | *12-45 | 1.72 1.56 | 22-31 | 0.09 0.81 39-42 | 0.18 0.81

1-6 0.18 | 0.60 | 12-53 | 0.44 1.61 | 22-39 | 0.19 0.52 | 40-42 | 0.19 1.00

*2-4 0.76 | 0.65 | 12-15 | 047 0.92 | 22-27 | 0.14 0.53 | *40-41 | 0.57 0.55

2-3 0.65 | 092 | 12-44 | 0.27 1.61 | 24-26 | 048 0.76 | *41-57 | 1.13 0.42

2-5 0.14 | 0.57 | 12-16 1.77 1.97 | 24-51 | 0.69 0.92 | *41-56 | 1.02 0.51

29 0.19 | 0.70 | 12-18 | 0.21 0.59 | *24-52 | 1.12 0.53 | 42-44 | 0.06 0.48

*3-10 2.24 1.78 | 12-14 | 0.11 1.11 | 26-51 | 041 1.79 | 42-50 | 0.19 0.41

*3-11 254 | 238 | 1242 | 0.27 045 | 2728 | 0.25 0.95 | 43-50 | 0.40 0.43

3-12 0.54 | 2.08 | 12-13 | 0.23 1.58 | 27-31 | 0.07 1.71 44-45 1.60 2.61

3-6 033 | 0.55 | 12-40 | 0.40 0.50 | 27-29 | 0.37 045 | 44-53 | 0.38 2.56

*3-5 0.52 | 0.51 | 12-28 | 0.59 0.95 | 28-58 | 0.58 0.92 | 44-51 | 0.14 0.43

*3-4 1.39 | 091 | 12-30 | 0.31 0.61 | 28-30 | 043 0.89 | 44-50 | 0.17 0.55

*4-5 0.88 | 0.50 | 12-41 | 0.35 0.44 | 28-31 | 0.31 0.78 | 46-47 | 0.21 0.48

*6-8 0.68 | 0.64 | *12-58 | 1.11 0.87 28-3 0.54 1.13 | 46-49 | 0.81 1.68

6-48 0.56 | 0.67 | 13-38 | 0.31 0.48 | 28-29 | 0.54 1.51 46-48 | 0.19 0.46

6-29 043 | 045 | 13-39 1.12 0.51 | *28-48 | 0.53 045 | 48-58 | 0.31 0.84

6-27 0.07 | 047 | 13-14 | 0.31 1.11 | 2948 | 0.28 1.78 | 48-49 | 0.81 0.88

7-47 092 | 092 | 14-15 | 0.39 1.59 | *30-58 | 0.84 0.83 50-15 | 0.69 0.99

*7-46 0.80 | 042 | 14-50 | 0.53 0.61 | 3041 | 047 2.62 | 50-51 | 0.04 0.42

7-49 0.04 | 259 | 1443 | 0.27 0.42 | 30-40 | 0.10 0.62 | *50-52 | 0.55 0.46

7-48 0.79 | 048 | *14-16 | 1.66 145 | 30-31 | 0.13 0.45 | *51-52 | 0.56 0.56

7-8 0.50 | 0.84 | 14-39 | 0.42 0.88 | 31-40 | 0.15 0.63 53-54 | 0.37 0.41

8-33 0.69 | 3.04 | 1442 | 0.37 0.67 | 3249 | 0.24 1.85 53-56 | 1.19 1.50

8-49 0.51 0.82 | 15-18 | 0.66 0.80 | 32-35 | 0.23 0.57 | *54-56 | 1.23 0.89

*8-46 1.28 | 0.58 | *17-56 | 2.35 0.92 | 3248 | 0.83 149 | 57-58 | 1.70 1.74

As can be seen in Fig. 4.2, the identified pairs of points have a big displacement at least at
one of the points. The reasons for these displacements are, first, the distances are not

measured (discovered from detailed analysis of the original observations) and, second, the
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points are not well controlled.

However, if the redundancy number of the observations increases the displacements get
smaller. For example, although the distances from point 17 to the connected points were not
measured, the redundancy number of the observations is higher at point 17 compared to
points 10, 11 and 16. This causes the displacement at point 17 to be smaller than the
displacements at points 10, 11 and 16 and similarly for points 24, 56 and 57.

The third network is called Northwest Territories Network; it is shown in Fig. 4.3. Itis an
example of a real GPS network. It consists of 33 points, one of which (point 1) is fixed, and
402 coordinate differences. The range of the baseline component standard deviations are 8-
774 mm since it is a rather old GPS network. Note that although GPS networks are

intrinsically 3D, only the horizontal (2D) component of the network is analyzed here.
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NORTHWEST TERRITORIES NETWORK

B4ON - %

63°N

(deg)

Latitude

62°N

60°N

As can be seen from Fig. 4.3 generally the displacements are bigger at the edge of the
network since the redundancy number of the observations is rather small compared to the
other points in the network. However, as soon as the redundancy number of the observations
increases the displacements get smaller. For example, at point 9 there are 3 connections
whereas at point 20 there are 4 connections and the displacement is smaller at point 20 than
at point 9. Nevertheless, points 8, 10, 13 and 33 have some observations which have large
standard deviations (see Table 4.3). Therefore the displacements at these points are larger

compared to the other points in the network. However, at point 2, standard deviations of the

o— 10km

Displacement scale

= 10cm

| I i i |
140% 138%W 136°W 134% 132% 130°W

Fig. 4.3 Displacements in Northwest Territories network.
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observations are smaller compared to the maximum standard deviations at points 8, 10, 13

and 33. Similar situations also occur at points 31 and 32.

Table 4.3 Standard deviations of some of the observations in NWT network (m).

Points OAX OAY Points OAX OAY

2-5 0.083 | 0.063 | 13-10 | 0.111 | 0.078

2-3 0.060 | 0.042 | 13-5 0.121 | 0.067

2-31 | 0.051 | 0.018 | 33-32 | 0.147 | 0.100

2-22 | 0.034 | 0.027 | 33-13 | 0.095 | 0.046

8-20 | 0.028 | 0.018 | 33-6 0.125 | 0.091

8-11 | 0.152 | 0.072 | 33-10 | 0.036 | 0.041

8-10 | 0.068 | 0.064 | 33-26 | 0.072 | 0.069

8-9 | 0.083 | 0.054 | 33-17 | 0.060 | 0.077

87 10.024 | 0012 | 33-13 | 0.093 | 0.053

13-31 | 0.038 | 0.025 | 10-32 | 0.110 | 0.097

13-26 | 0.079 | 0.073 | 10-33 | 0.036 | 0.041

13-33 | 0.093 | 0.053 | 10-6 0.088 | 0.103

13-32 | 0.073 | 0.053 | 10-7 0.123 | 0.099

13-22 | 0.050 | 0.044 | 10-8 0.068 | 0.064

13-17 | 0.054 | 0.067 | 10-20 | 0.104 | 0.094

In Table 4.3 6,x is the standard deviation for the coordinate difference in the x direction and
oay 1s the standard deviation for the coordinate difference in the y direction. The
displacements are calculated using eq. (3.4) and plotted in Fig. 4.3 and then relative
displacements are calculated using eq. (3.6) to able to compare them with the specifications;

the comparisons are given in Table 4.4. In this network for Vij:1,2,....,n: (Pin) : Srij <rj; SO

it is a totally robust network.
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Table 4.4 Relative displacements and threshold values for NWT Network (m).

Points o1y Tjj Points o1y L Points Jrji Lij Points ;i Tjj
1-15 0.05 1.55 5-32 | 0.07 351 | 10-20 | 0.11 446 | 15-25 | 0.10 2.06
1-16 0.06 1.44 5-27 0.06 1.58 | 10-13 | 0.13 297 | 15-27 | 0.02 1.56
1-17 0.07 1.28 5-28 0.05 2.61 | 11-14 | 0.08 3.62 | 16-23 | 0.12 3.30
1-26 0.08 1.68 5-30 | 0.07 213 | 11-19 | 0.14 1.99 | 16-24 | 0.09 1.54
1-27 0.07 2.52 6-14 | 0.05 1.85 | 11-21 | 0.13 1.56 | 16-17 | 0.01 2.71
1-6 0.09 2.95 6-7 0.04 1.68 | 11-20 | 0.05 2.10 | 16-18 | 0.13 1.84
2-22 0.03 2.37 6-10 | 0.08 2.14 | 12-23 | 0.03 1.94 | 16-25 | 0.09 2.49
2-3 0.12 2.28 6-21 0.05 2.86 | 12-24 | 0.04 1.48 | 17-26 | 0.01 0.63
2-31 0.03 1.84 6-17 0.09 296 | 12-18 | 0.13 249 | 17-27 | 0.01 2.27
2-5 0.06 3.67 6-26 | 0.09 253 | 12-16 | 0.14 3.01 | 17-33 | 0.10 2.48
3-31 0.14 2.84 6-33 0.02 239 | 12-14 | 0.12 293 | 1823 | 0.15 1.70
3-5 0.07 2.20 6-32 | 0.08 3.69 | 12-21 | 0.09 1.67 | 18-24 | 0.10 1.62
3-22 0.14 2.13 7-11 0.06 1.72 | 13-26 | 0.12 1.76 | 18-25 | 0.07 2.61
3-27 0.13 3.28 7-14 | 0.03 3.16 | 13-33 | 0.02 1.43 | 19-21 | 0.10 1.06
3-28 0.09 3.64 7-19 0.10 2.14 | 13-31 | 0.13 2.12 | 21-24 | 0.08 2.39
3-30 0.04 1.48 7-20 | 0.02 227 | 13-32 | 0.11 1.13 | 22-31 | 0.01 1.27
4-25 0.24 1.71 7-8 0.05 2.14 | 13-17 | 0.11 2.16 | 22-32 | 0.05 2.46
4-27 0.16 1.84 7-9 0.34 2779 ] 13-22 | 0.13 1.74 | 23-24 | 0.05 2.26
4-28 0.11 1.15 7-21 0.07 2.55 | 14-15 | 0.05 294 | 25-28 | 0.14 2.84
4-29 0.06 2.59 7-10 | 0.09 2770 | 14-16 | 0.04 1.83 | 26-33 | 0.10 1.86
4-30 0.05 3.49 8-11 0.01 3.69 | 14-17 | 0.04 225 | 27-28 | 0.06 1.28
5-13 0.05 2.43 8-20 | 0.05 297 | 14-19 | 0.08 1.69 | 27-30 | 0.13 2.42
5-17 0.07 2.14 8-10 | 0.15 1.85 | 14-21 | 0.05 2.66 | 28-29 | 0.17 1.65
5-26 0.07 2.45 8-9 0.29 1.97 | 14-24 | 0.08 1.91 | 28-30 | 0.07 2.35
5-33 0.04 3.64 9-11 0.29 356 | 15-17 | 0.01 2.17 | 29-30 | 0.11 1.81
5-22 0.08 1.67 | 10-32 | 0.08 244 | 15-16 | 0.01 1.80 | 31-32 | 0.06 2.22
5-31 0.08 293 | 10-33 | 0.11 1.58 | 15-18 | 0.14 325 | 32-33 | 0.09 1.30

In Table 4.4, r;; values have been obtained using eq. (3.5). Clearly in this equation

threshold values depend on the distance and order of the network. Since Northwest

Territories network is a very large network, accordingly r;; values are large. It seems that

threshold values are much larger compared to relative displacements and one might think

about the economics and question the quality of the measurements. However, note that this is

a first order network and with threshold values we are talking about threshold values for any

geodetic network. In this case threshold values for 2D networks.

37




4.2 Numerical Examples for 3D Networks

Two GPS networks have been examined. The first network called Simple GPS network is
shown in Fig. 4.4. It is a small real GPS network consisting of 7 points, one of which (point
1) is fixed, and 42 coordinate differences. The range of the baseline component standard
deviations are 0.7-3.1 mm.

As can be seen from Fig. 4.4 some of the displacements are bigger at the edge of the
network. However, as soon as the redundancy number of the observations increases the
displacements get smaller. For example, at point 5 there are 5 connections whereas at point 1
there are 3 connections and the displacement is smaller at point 5 than at point 1. Standard

deviations in this network are quite small therefore the displacements are quite small.
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Fig. 4.4 Displacements in Simple GPS network.

The displacements are calculated using eq. (3.3) and plotted in Fig. 4.4 and the threshold
values are computed using eq. (3.12) and then the displacements are compared against the
threshold values. The comparisons are given in Table 4.5. Since for Vi =1,2,...,n : Pi: in the
network the displacements are less than the threshold values this is a totally robust network.

Table 4.5 Displacements and threshold
values for Simple GPS network (m).

Points d; 0;
2 0.002 | 0.005
3 0.000 | 0.005
4 0.002 | 0.006
5 0.000 | 0.005
6 0.001 | 0.005
7 0.002 | 0.007

39



The second network is the same Northwest Territories Network used in section 4.1; it is
shown in Fig. 4.5. It consists of 33 points, one of which (point 1) is fixed, and 402 coordinate
differences. The range of the baseline component standard deviations are 8-774 mm; these
values look quite large since it is a rather old GPS network.

As can be seen from Fig. 4.5 generally the displacements are bigger at the edge of the
network since the redundancy number of the observations is rather small compared to the
other points in the network. However, as soon as the redundancy number of the observations
increases the displacements get smaller. For example, at point 9 there are 3 connections
whereas at point 20 there are 4 connections and the displacement is smaller at point 20 than
at point 9.

It is seen from detailed analysis of the original observations that points 5 and 22 have
some observations which have large standard deviations. These less precise observations
affect the points in their vicinity; therefore we get a large displacement at point 22. And also
points 12, 21 and 24 have some observations which have large standard deviations.
Consequently, these observations affect that area of the network and we get some significant
displacements at these points. At point 29 not only is the redundancy number of the
observations low but also the observations have large standard deviations therefore we obtain
the largest displacement of the whole network at this point. Most of the other points are in
the middle of the network therefore their redundancy numbers are quite high compared to the
other points at the edge of the network, thus we do not get large displacements at these

points.
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Fig. 4.5 Displacements in Northwest Territories network.

The displacements are computed using eq. (3.3) and plotted in Fig. 4.5 and the threshold
values are calculated using eq. (3.12) and then the displacements are compared with the
threshold values the comparisons are given in Table 4.6. For some points in this network
displacements are larger than the threshold values so it is not a robust network. Therefore the

network is not robust at all the points at the required level and so it needs to be improved.

These points are identified in Table 4.6 by an asterisk.
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Table 4.6 Displacements and threshold values for NWT network (m).

Points d; 0; Points d; O;

*2 0.91 0.14 *18 0.16 0.13

3 0.07 0.14 *19 0.25 0.19

*4 0.23 0.14 *20 0.28 0.15

5 0.09 0.12 *21 0.20 0.13

6 0.05 0.15 *22 0.63 0.12

*7 0.17 0.15 23 0.13 0.23

8 0.14 0.15 *24 0.28 0.23

*9 0.93 0.25 *25 0.18 0.15

10 0.14 0.14 26 0.07 0.08

11 0.14 0.25 27 0.08 0.14

*12 0.25 0.17 28 0.11 0.13

13 0.12 0.12 *29 1.02 0.27

14 0.02 0.10 *30 0.76 0.13

*15 0.12 0.11 *31 0.54 0.12

16 0.03 0.08 32 0.13 0.15

17 0.01 0.06 33 0.09 0.13

In Table 4.6, §; values have been obtained using eq. (3.12). In this equation threshold
values depend on the semi-axes of the 95% confidence ellipse and the 95% confidence
interval of height component which are obtained using the variances and covariances of the
coordinates. Therefore o; values are quite close to the d; values. In this 3D case it seems that
threshold values are more realistic. Therefore some of the points do not meet the robustness
requirements. One thing that should be emphasized here is that the threshold values we are
talking about are threshold values for any geodetic network.

This is the same network which is used in section 4.1 for 2D analysis. Nonetheless the
results seem very different. The results are different because in the 2D analysis the relative
displacements are calculated and compared with the threshold values which are developed
for 2D. For 3D analysis the absolute displacements are calculated and compared with the

threshold values which are developed for 3D. As it is pointed out above, the formulation of
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threshold values in 2D and 3D are quite different. Due to the theory of robustness analysis (in
2D and 3D cases; design matrix A, weight matrix P, redundancy numbers and therefore the
maximum undetectable errors are different) the results for the strain matrix in 2D and 3D are
different. Accordingly, the invariants in 2D and 3D are different, therefore the relation
between 2D and 3D in terms of invariants needs to be investigated; this is outlined in section
5.7.

In sections 4.1 and 4.2 geodetic networks have been analyzed in 2D and 3D. It turns out
that some of the networks are not all robust at the required level and they need to be

remedied. The remedial strategies are described in the following section.

4.3 Remedial Strategy

Robustness of a network is affected by the design of the network and accuracy of the
observations. Therefore the points that lack robustness in the network may be remedied either
by increasing the quality of observations and/or by increasing the number of observations
(controllability) in the network.

A remedial strategy is likely to be different for different networks since they have
different geometry and different observations. There might not be a solution fitting all
networks but here a general strategy is given.

Increasing the number of observations increases the redundancy of the network, therefore

we get lower primitive values. Adding an observation should never deteriorate the solution
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because the current network will already be there. In fact by adding an observation the
current network is only improved since the redundancy in the network is improved.

If we add an observation and its quality is not good enough, this observation might not
contribute to the solution at all. Let us say we have an observation with an infinite standard
deviation then its weight will be zero therefore it will not affect the solution.

Increasing the quality of the observations or increasing the number of observations in a
network generally affects the points the observations are connected to. Increasing the quality
of direction observations at network points affects the points around these points since the
decreased standard deviation affects the surrounding points.

If there is lack of robustness in terms of scale (scale is represented by dilation) at a
network point distance observations should be added to the network. If there is lack of
robustness in terms of differential rotation at a network point adding direction observations
or some distance observations should improve the robustness. Adding these observations is
going to tighten the network for that area. In addition because GPS observations provide both
scale and direction information and are cheaper to perform over long distances they may be
incorporated as well.

Some things still need to be investigated, for example if we get a big value of, let us say,

pure shear. How can this problem be cured? What is the source of this problem?
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4.4 Discussion

In robustness analysis, the deformation caused by the maximum undetectable errors is
measured through strain analysis. In other words by using strain analysis one moves from
displacement field to strain field. First the threshold values are determined in the strain field
using the relations among the primitives. Preliminary thoughts are addressed in Berber et al.
[2003]. However at that time we could not quite succeed in this venture. Therefore we
needed to return from strain field to displacement field to define the threshold values. To be
able to compute the threshold values for networks, firstly initial conditions must be
determined. Only after that the threshold values can be determined for robustness primitives.
That is why the specifications from GSD are utilized to determine threshold values. By
definition these specifications give the amount of error which is accepted in the GSD
networks.

After expanding robustness analysis to 3D, another problem which is needed to overcome
was the determination of the invariants in 3D. In the examples in sections 4.1 and 4.2 one
datum is selected and the results are produced. However, the robustness measure should not
depend on the choice of a datum. Robustness should be defined in terms of invariants rather
than the primitives since a datum change will change the strain matrix and therefore the
primitive values.

Vanicek et al. [2001] shows that dilation, differential rotation and total shear are
invariants in 2D. This means that no matter what the choice of the datum is the results for

dilation, differential rotation and total shear will be the same for each solution. This should
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also be the case for 3D robustness analysis. So the search for invariants in 3D is crucial.

These issues are addressed in Chapter 5.
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CHAPTER FIVE

INVESTIGATIONS ON INVARIANTS

In this chapter invariants in 3D are investigated. First, in section 5.1 strain invariants are
introduced. In section 5.2 the investigations which have been made on invariants in 3D are
addressed. In section 5.3 the proofs about invariants in 3D are given. In section 5.4 the proofs
are supported by numerical results. Further developments about the shear invariant are
addressed in section 5.5. In section 5.6 numerical results for principal strains in 3D are given.

In section 5.7 the relation between 3D and 2D in terms of invariants is shown.

5.1 Strain Invariants

The three principal axes of a strain ellipsoid which are the eigenvalues of the following

equation (see Appendix III for their derivation) are obtained from

6 162 -1,6-13 =0 (5.1)
where

I =0 + Gyy +Gy;

I, = Giy +G§Z +G)2,Z —OxxOyy ~OxxOz; ~OyyOy; (5.2)

2 2 2

I3 = Gxxcyyo-zz + 20xycxzo-yz _Gxxcyz _nycxz _Gzzcxy

where Gy, Gxy»-s Oz AIC the components of the symmetrical part of the strain matrix. I, I,
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and I; are invariants of strain and must be the same for all choices of coordinate axes x,y,z. In
fact invariant theory originates from linear algebra as outlined in linear algebra text books,
for example, Paige and Swift [1961], Shields [1964], Kaplansky [1969] and Kaye and
Wilson [1998].

Derivation of invariants is based on the assumption that there exist three mutually
perpendicular planes at a point O (origin) on which the shear strain vanish. The remaining
normal strain components on these three planes are called principal strains. Correspondingly,
the three mutually perpendicular axes that are normal to the three planes are called principal
axes. Under a deformation of a body any infinitesimal sphere in the body is deformed into an
infinitesimal ellipsoid called the strain ellipsoid. The principal axes of the strain ellipsoid
have the directions of the principal axes of strain. So using only the principal values, the
invariants are derived from eq. (5.1) [Boresi et al. 1993]. Finding the three roots of eq. (5.1),
the three principal axes of the strain ellipsoid (which are the eigenvalues of this equation) can

be defined.

5.2 Investigations on Invariants in 3D

The aim of the following sections is to show the useful strain invariants in 3D, i.e., those
that are useful for geodetic analysis. Since linear combinations of invariants are also
invariant, one can obtain an infinite number of invariants. However since we use primitives

in robustness analysis here we concentrate on dilation, differential rotation and shear

48



invariants. The invariants are summarized for 2D in Table 5.1. On top of these “useful”
invariants, there are some others listed, for instance, by Love [1944].

Table 5.1 Invariants in 2D.

Robustness primitives 2D
Dilation invariant
Pure shear not invariant
Simple shear not invariant
Differential rotation invariant
Total shear invariant
Maximum shear strain invariant

5.2.1 Dilation

The ‘dilation invariant’ is the only linear invariant. It is given by (see Appendix IV for

more information)

vn=1,23: "o= (of (5.3)

1

I ™=

1
nj
where n is the dimensionality of the problem. The relation between the two and three

dimensional cases is
1
2:5(2c+03) (5.4)
where the two dimensional dilation invariant is denoted by G or simply by 6. o5 represents
the dilation in third dimension. ¥ denotes the dilation invariant in 3D.

Dilation invariant is equal to the first invariant which is given in eq. (5.2). In other words

¥=I; and it is an invariant in 3D. If an invariant is multiplied by a value, the result is again an

49



invariant. Thus the fraction in eq. (5.4) should not confuse the readers. Conventions about

strain tensor notation are addressed in Sokolnikoff [1956].

5.2.2 Differential Rotation

The ‘differential rotation magnitude invariant’ is a quadratic invariant. It is postulated to

be given by the following expression in 3D

Q= \/coiy + 0, + 0, . (5.5)

While in 2D the invariant 0)2

is simply a scalar quantity [Vanicek et al. 2001], this 3D
invariant  can be interpreted as the square of the length of the ‘differential rotation vector’,

where the components are equal to the 2D scalar invariants ®yy,®y, and @y, in the
coordinate planes xy, xz and yz respectively. It is known from the investigation of the 2D

invariants that these invariants are nothing else but magnitudes of differential rotation vectors

; i=1,2,3 that are perpendicular to the coordinate planes xy, Xz and yz respectively. In other

words @) = Wyy, M) =0y, and O3 =0y,.

5.2.3 Shear

The total shear invariant in 2D is defined as follows

Txy =1/ Tay + Vay (5.6)
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Total shear in 3D is postulated to be given by

I'= Y 'Yiy + 'Yiz + ’Yzfz (57)

where the formulae for Vxy»Vxz and Yy, are given in eqs. (2.22), (2.23) and (2.24)

respectively. Since pure shear (T) and simple shear (v) are normally thought of as scalar
quantities, it is not immediately obvious how they should be interpreted geometrically.
Neither is it obvious how the 2D scalar invariants are to be shown geometrically. But the fact
is that they are invariant under a rotation of the 2D coordinate system in the corresponding

manifold [Vanicek et al. 2001].

5.3 Proof of Invariance in 3D

In Vanicek et al. [2001] the invariants in 2D are investigated. But what happens if we
expand our research from 2D to 3D? In 3D, as it was the case in 2D, since translations do not
affect strain, the solutions based on datums with different origins will be the same. In 3D, the
solutions for scale change should be identical to each other since scale change has only a
second order effect. However the solution for orientation change will be different. Consider

two analyses of a network, the first using coordinate system (X, y, z) where

AXi U
AXi = Ayl = Vi (58)
Az: Wi

1 1

and the strain matrix is as follows
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dup dup Q|
ox dy 0z
Eo=| M (5.9)
ox dy 0z
Bwi Bwi aWi
| 0x dy 0z |

The second analysis uses coordinate system (x , v, z') which is rotated clockwise about Ox
(along x axis) by an angle o and then subsequently rotated clockwise about Oy (along y axis)
by an angle B, next after the a and 3 rotations the axes are rotated clockwise about Oz (along

z axis) by an angle y. Then

ui | [
*# *
AXi =1V =R Vi (510)
WT Wi

where R is the rotation matrix and the strain matrix is

_auf du; Bu?_
ox” ay* oz"
E = aVi avi avZ . (5.11)
ox dy 0z
ow; ow. ow;
_ax* oy 82*_

From now on, for simplicity, subscript i is going to be omitted. The proof for dilation

invariant may be shown as

% k %
prolfdu v, dw (5.12)
3lox° 9y oz
du v ow
where the equivalents of 4 o> v — and W* are given in Appendix IV. After replacing the
ox dy 0z



partials in eq. (5.12) and performing the necessary algebraic manipulations we see that

prolfou ov  ow | 1fou ov ow) (5.13)
3lox" ay" oz 3|0x dy oz

It means that X which is equal to I is invariant under a rotation of a coordinate system.
Under an orientation change if the partials are expressed using tensor analysis summation
convention we write (see Appendix IV)

#T #T

a 5. B
ou :8u Ju” ox (5.14)

ax" u® oxP ax™

where Greek indices imply summation over the values (1,2,3). r and s are the free indices
(information on indices’ role can be found in Boresi and Chong [2000]). Since our jacobian

matrix (a jacobian matrix is a matrix containing partial derivatives) is the rotation matrix we

can write
E'=RERT (5.15)
where
CosPCosy CospSiny —Sinf
R =| SinaSinfCosy— CosaSiny SinaSinBSiny + CosaCosy  SinaCosp (5.16)

CosaSinBCosy + SinaSiny  CosaSinBSiny — SinaCosy CosaCosf

It means that using eq. (5.15) we can transform the strain matrix from first coordinate system
(X, y, z) to second coordinate system (x, y*, 7). Using eq. (2.8) the strain matrix can be

decomposed into its symmetric S and anti-symmetric A parts. If we do that we can write
E'=RSRT+RART (5.17)

This means that the transformation from first coordinate system to second coordinate system
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is commutative. The proof may be seen in Appendix IV.

Now whether Q is invariant in a rotation of a coordinate system in 3D is investigated. For
invariance we require that

Q=Q (5.18)
which is equivalent to

o) o) o) %2 2 %2

*
Oxy + O, + Oy, = Oyy + Oy, + Oy, (5.19)

If egs. (2.19), (2.20) and (2.21) are substituted in eq. (5.19) we get

(553G G5
dy dy dx | ox oz dz ox | ox 0z dz dy | dy
(5.20)

Equation (5.20) is equal to € which is given in eq. (5.5). It means that Q is invariant
under a rotation of a coordinate system. Intermediate derivations may be seen in Appendix
IV. Numerical results are given in section 5.4.

According to investigations which have been carried out regarding total shear I', it is not
invariant in a rotation of a coordinate system in Euclidean space. The proof may be seen in
Appendix IV. Ineq. (IV.69) it is hypothesized that the total shear in the rotated system would
be different than the one in the original system. This means that eq. (IV.102) must not be
equal to zero. It seems that eq. (IV.102) might be equal to zero for two reasons: (i) if all the
differentials in this equation are zero - this means that there is no deformation; and, (ii) if the
variable a is zero - this means that there is no rotation. However these are not the case with
the robustness analysis of geodetic networks. On the other hand despite extensive efforts, it
has not been possible to prove mathematically that eq. (IV.102) will not be zero for all other
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possible cases. Instead it has been shown numerically that the total shear in the rotated
system is different than the one in the original system - the numerical results may be seen in
Table 5.2.

One might think that the expression for 3D total shear in eq. (IV.75) should reduce to the
2D expression by setting to zero all differentials involving w and z. However this argument
is valid from eq. (IV.70) to eq. (IV.72). Indeed in these equations if w and z (which represent
the third dimension) are set to zero then 3D total shear reduces to 2D total shear.
Nevertheless if the equivalents of simple and pure shears from (2.13) to (2.18) are substituted
in eq. (IV.72) this argument is no longer valid because in eq. (IV.73) if all the differentials
involving w and z are set to zero, 3D total shear will not reduce to 2D total shear - some
strain matrix components will remain in the equation. So it means that from now on we do
not have any control over the total shear in 3D. Besides it is not known how simple and pure
shear ‘behave’. Therefore in the evaluation of 3D total shear, the role that pure and simple
shears play is worth investigating in order to be able to understand total shear in 3D. That is
why this issue is addressed in section 6.2 as a recommendation for further research. On the
other hand this argument is valid on differential rotation. Because if all the differentials
involving w and z in the equations from (IV.63) to (IV.65) are set to zero, differential
rotation in 3D always reduces to differential rotation in 2D however this is not the case with
total shear.

As can be seen from the results in Tables 5.2, total shear is not invariant under a rotation
of a coordinate system in 3D. This agrees with the hypothesis made in eq. (IV.69). Since it

can be assumed now that total shear is not invariant in 3D, it will not used as a measure in
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robustness analysis. Therefore maximum shear strain is recommended instead. This is

explained in section 5.5.

5.4 Numerical Results for 3D Invariants

In order to be able to show the invariants in 3D numerically, Northwest Territories
network in Fig. 4.5 is used. First in CT system dilation, differential rotation and total shear
are calculated then using eq. (5.15) strain matrix is transformed to LG system and then once

again dilation, differential rotation and total shear are computed. The results are given in

Table 5.2.
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Table 5.2 Values for Northwest Territories Network.

) Q
CT LG CT LG CT LG

1 | 17.1E-06 | 17.1E-06 | 13.2E-05 | 13.2E-05 | 1.46E-04 | 1.37E-04
2 9.6E-06 9.6E-06 68.5E-06 | 68.5E-06 | 7.43E-05 | 7.15E-05
3 1.2E-06 1.2E-06 11.9E-06 | 11.9E-06 | 1.37E-05 | 1.21E-05
4 3.3E-06 3.3E-06 24.2E-06 | 24.2E-06 | 2.95E-05 | 2.56E-05
5 1.4E-06 1.4E-06 12.6E-06 | 12.6E-06 | 1.45E-05 | 1.28E-05
6 | -0.1E-06 -0.1E-06 | 10.3E-06 | 10.3E-06 | 1.11E-05 | 1.04E-05
7 | -5.2E-06 -5.2E-06 | 27.5E-06 | 27.5E-06 | 3.02E-05 | 2.97E-05
8 | -6.4E-06 -6.4E-06 | 15.1E-06 | 15.1E-06 | 1.87E-05 | 2.00E-05
9 | -6.7E-06 -6.7E-06 | 36.0E-06 | 36.0E-06 | 4.24E-05 | 3.77E-05
10 | 2.0E-06 2.0E-06 12.5E-06 | 12.5E-06 | 1.35E-05 | 1.32E-05
11| -4.6E-06 -4.6E-06 | 33.5E-06 | 33.5E-06 | 3.63E-05 | 3.49E-05
12 | -11.7E-06 | -11.7E-06 | 80.1E-06 | 80.1E-06 | 8.83E-05 | 8.36E-05
13 | -2.3E-06 -2.3E-06 | 20.1E-06 | 20.1E-06 | 2.32E-05 | 2.08E-05
14 | -4.2E-06 -4.2E-06 | 194E-06 | 19.4E-06 | 2.25E-05 | 2.11E-05
15| 3.5E-06 3.5E-06 12.1E-06 | 12.1E-06 | 1.67E-05 | 1.47E-05
16 | 6.7E-06 6.7E-06 20.2E-06 | 20.2E-06 | 2.39E-05 | 2.47E-05
17 | 4.6E-06 4.6E-06 21.4E-06 | 21.4E-06 | 2.39E-05 | 2.37E-05
18 | 17.4E-06 | 17.4E-06 | 48.6E-06 | 48.6E-06 | 5.87E-05 | 6.06E-05
19 | -23.0E-06 | -23.0E-06 | 83.4E-06 | 83.4E-06 | 9.52E-05 | 9.61E-05
20| -6.7E-06 -6.7E-06 | 18.1E-06 | 18.1E-06 | 2.16E-05 | 2.31E-05
21 | -18.8E-06 | -18.8E-06 | 74.2E-06 | 74.2E-06 | 8.38E-05 | 8.37E-05
22 | 16.3E-06 | 16.3E-06 | 42.2E-06 | 42.2E-06 | 5.22E-05 | 5.47E-05
23 | 16.2E-06 | 16.2E-06 | 54.3E-06 | 54.3E-06 | 6.28E-05 | 6.37E-05
24 | -11.7E-06 | -11.7E-06 | 80.1E-06 | 80.1E-06 | 8.83E-05 | 8.36E-05
25 | -17.7E-06 | -17.7E-06 | 53.0E-06 | 53.0E-06 | 6.32E-05 | 6.49E-05
26 | 3.4E-06 3.4E-06 23.77E-06 | 23.7E-06 | 2.72E-05 | 2.46E-05
27| -1.0E-06 -1.0E-06 | 21.7E-06 | 21.7E-06 | 2.38E-05 | 2.19E-05
28 | 4.9E-06 4.9E-06 8.1E-06 8.1E-06 1.44E-05 | 1.36E-05
29 | 1.9E-06 1.9E-06 10.8E-06 | 10.8E-06 | 1.22E-05 | 1.28E-05
30 | -8.0E-06 -8.0E-06 | 68.2E-06 | 68.2E-06 | 7.53E-05 | 7.02E-05
31| 16.3E-06 | 16.2E-06 | 42.2E-06 | 42.2E-06 | 5.22E-05 | 5.47E-05
32 | -1.5E-06 -1.5E-06 6.7E-06 6.7E-06 8.80E-06 | 7.63E-06
33 | 5.0E-06 5.0E-06 28.3E-06 | 28.3E-06 | 3.13E-05 | 3.06E-05

As can be seen from the results only dilation X and differential rotation Q are invariant

under a rotation of a coordinate system in 3D.
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5.5 Shear in terms of Principal Strains in 3D

In section 5.3 it is indicated that total shear 1" is not invariant in a rotation of a coordinate
system in 3D Euclidean space. However in order to be able to see the displacements caused
by maximum undetectable errors in terms of shear, we need a measure which is going to
represent the shear and be invariant in a rotation of a coordinate system. Grafarend and
Voosoghi [2003] showed that in eigenspace the maximum shear strain is invariant in 2D.
Here maximum shear strain is extended to 3D.

Maximum shear strain is defined as the difference between maximum and minimum
eigenvalue. Therefore the eigenvalues in 3D should be computed. The three principal axes of
strain ellipsoid which are the eigenvalues of eq. (5.1) are calculated. Grafarend and Voosoghi
[2003] uses I" as a symbol to represent the maximum shear strain in 2D, however, here this
symbol has already been used to represent total shear in 3D. Hence the symbol M is going to
be used to represent the maximum shear strain in 3D.

M=oc, -0, (5.21)
where o}, is the maximum eigenvalue and o, is the minimum eigenvalue. Since eigenvalues
are computed using the symmetrical part of the strain matrix, in eq. (5.21) the values for o,
and o, will be always real.

If we think about an infinitesimal sphere at a network point in the undeformed state, in the
deformed state this infinitesimal sphere becomes an infinitesimal ellipsoid. It means that the
infinitesimal sphere is deformed along the principal axis therefore the direction of the

maximum shear strain follows the direction of the maximum eigenvalue.
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5.6 Numerical Results for Principal Strains in 3D

For numerical tests the Northwest Territories network in Fig. 4.5 is used. First in CT
system invariants and principal strains are calculated then using eq. (5.15) the strain matrix is
transformed into the LG system and then once again invariants and principal strains are

computed. The results are given in Tables 5.3 and 5.4.
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Table 5.3 Results for Northwest Territories Network in CT system.

I I I 01 O, O3

5.13E-05 | 1.75E-08 | 5.38E-15 | 1.61E-04 | -1.09E-04 | -3.07E-07

2.87E-05 | 4.69E-09 | 3.53E-16 | 8.44E-05 | -5.56E-05 | -7.53E-08

3.74E-06 | 1.40E-10 | -2.03E-17 | 1.38E-05 | -1.02E-05 | 1.44E-07

1.00E-05 | 6.01E-10 | 1.59E-16 | 3.01E-05 | -1.99E-05 | -2.65E-07

4.17E-06 | 1.58E-10 | -4.82E-17 | 1.47E-05 | -1.08E-05 | 3.03E-07

-4.17E-07 | 1.07E-10 | -3.68E-17 | 9.98E-06 | -1.07E-05 | 3.43E-07

-1.57E-05 | 7.52E-10 | -1.65E-16 | 2.05E-05 | -3.64E-05 | 2.21E-07

-1.91E-05 | 2.14E-10 | 4.20E-17 | 8.05E-06 | -2.70E-05 | -1.93E-07

O |0 n|H (W=

-2.00E-05 | 1.25E-09 | 2.40E-16 | 2.69E-05 | -4.67E-05 | -1.91E-07

10 | 6.02E-06 | 1.54E-10 | -1.50E-17 | 1.57E-05 | -9.82E-06 | 9.70E-08

11| -1.38E-05 | 1.12E-09 | 3.11E-17 | 2.72E-05 | -4.10E-05 | -2.79E-08

12 | -3.52E-05 | 6.41E-09 | -2.18E-15 | 6.42E-05 | -9.97E-05 | 3.41E-07

13 | -7.01E-06 | 4.10E-10 | -3.17E-17 | 1.70E-05 | -2.41E-05 | 7.75E-08

14 | -1.27E-05 | 3.69E-10 | 1.76E-16 | 1.42E-05 | -2.64E-05 | -4.70E-07

15| 1.06E-05 | 1.56E-10 | 5.11E-17 | 1.90E-05 | -8.01E-06 | -3.36E-07

16 | 2.01E-05 | 4.07E-10 | 1.04E-16 | 3.27E-05 | -1.23E-05 | -2.57E-07

17 | 1.37E-05 | 4.63E-10 | -6.43E-17 | 2.94E-05 | -1.58E-05 | 1.38E-07

18 | 5.22E-05 | 2.33E-09 | 3.20E-17 | 8.10E-05 | -2.87E-05 | -1.38E-08

19 | -6.89E-05 | 6.93E-09 | -4.04E-15 | 5.52E-05 | -1.25E-04 | 5.86E-07

20 | -2.00E-05 | 3.18E-10 | 3.93E-17 | 1.06E-05 | -3.04E-05 | -1.23E-07

21 | -5.65E-05 | 5.49E-09 | 3.79E-16 | 5.11E-05 | -1.08E-04 | -6.89E-08

22 | 4.88E-05 | 1.80E-09 | 6.84E-17 | 7.33E-05 | -2.45E-05 | -3.81E-08

23 | 4.85E-05 | 2.93E-09 | -3.98E-16 | 8.35E-05 | -3.52E-05 | 1.36E-07

24 | -3.52E-05 | 6.41E-09 | -2.18E-15 | 6.42E-05 | -9.97E-05 | 3.41E-07

25 | -5.32E-05 | 2.85E-09 | 1.06E-15 | 3.33E-05 | -8.61E-05 | -3.69E-07

26 | 1.02E-05 | 5.59E-10 | -7.90E-17 | 2.92E-05 | -1.92E-05 | 1.41E-07

27| -298E-06 | 4.73E-10 | -9.66E-17 | 2.02E-05 | -2.34E-05 | 2.05E-07

28 | 1.46E-05 | 7.52E-11 | 297E-17 | 1.87E-05 | -3.68E-06 | -4.32E-07

29 | 5.63E-06 | 1.35E-10 | -6.80E-18 | 1.47E-05 | -9.16E-06 | 5.03E-08

30 | -2.41E-05 | 4.65E-09 | 1.86E-15 | 5.74E-05 | -8.12E-05 | -3.98E-07

31 | 4.88E-05 | 1.80E-09 | 6.84E-17 | 7.33E-05 | -2.45E-05 | -3.81E-08

32 | -443E-06 | 4.86E-11 | -2.92E-18 | 5.06E-06 | -9.55E-06 | 6.05E-08

33 | 1.49E-05 | 8.13E-10 | 3.94E-17 | 3.70E-05 | -2.20E-05 | -4.86E-08

If the results in Table 5.3 are compared with the results in Table 5.4, it is seen that the
results for invariants and principal strains are virtually identical (since these are very small

numbers, there will be some slight differences due to rounding errors) for each solution. This
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is based on the eigenvalue theorem which is introduced in section 5.1.

Table 5.4 Results for Northwest Territories Network in LG system.

I 16} I 01 O, O3
1 | 5.13E-05 1.75E-08 | 5.37E-15 | 1.61E-04 | -1.09E-04 | -3.06E-07
2 | 2.87E-05 | 4.69E-09 | 3.52E-16 | 8.44E-05 | -5.56E-05 | -7.51E-08
3 | 3.74E-06 | 1.40E-10 | -2.03E-17 | 1.38E-05 | -1.02E-05 | 1.44E-07
4 | 1.00E-05 | 6.01E-10 | 1.58E-16 | 3.01E-05 | -1.99E-05 | -2.65E-07
5 | 417E-06 | 1.58E-10 | -4.82E-17 | 1.47E-05 | -1.08E-05 | 3.03E-07
6 | -4.15E-07 | 1.07E-10 | -3.68E-17 | 9.98E-06 | -1.07E-05 | 3.44E-07
7 | -1.57E-05 | 7.52E-10 | -1.65E-16 | 2.05E-05 | -3.64E-05 | 2.21E-07
8 | -1.91E-05 | 2.14E-10 | 4.20E-17 | 8.06E-06 | -2.70E-05 | -1.93E-07
9 | -2.00E-05 | 1.25E-09 | 2.40E-16 | 2.69E-05 | -4.67E-05 | -1.91E-07
10 | 6.02E-06 | 1.54E-10 | -1.50E-17 | 1.57E-05 | -9.82E-06 | 9.70E-08
11| -1.38E-05 | 1.12E-09 | 3.11E-17 | 2.72E-05 | -4.10E-05 | -2.78E-08
12 | -3.52E-05 | 6.41E-09 | -2.18E-15 | 6.42E-05 | -9.97E-05 | 3.41E-07
13 | -7.01E-06 | 4.10E-10 | -3.17E-17 | 1.70E-05 | -2.41E-05 | 7.75E-08
14 | -1.27E-05 | 3.69E-10 | 1.76E-16 | 1.42E-05 | -2.64E-05 | -4.70E-07
15| 1.06E-05 | 1.56E-10 | 5.10E-17 | 1.90E-05 | -8.01E-06 | -3.35E-07
16 | 2.01E-05 | 4.07E-10 | 1.03E-16 | 3.27E-05 | -1.23E-05 | -2.57E-07
17 | 1.37E-05 | 4.63E-10 | -6.44E-17 | 2.94E-05 | -1.58E-05 | 1.39E-07
18 | 5.22E-05 | 2.33E-09 | 3.20E-17 | 8.10E-05 | -2.87E-05 | -1.38E-08
19 | -6.89E-05 | 6.93E-09 | -4.04E-15 | 5.52E-05 | -1.25E-04 | 5.86E-07
20 | -2.00E-05 | 3.18E-10 | 3.93E-17 | 1.06E-05 | -3.04E-05 | -1.23E-07
21 | -5.65E-05 | 5.49E-09 | 3.74E-16 | 5.11E-05 | -1.08E-04 | -6.81E-08
22 | 4.88E-05 | 1.80E-09 | 6.81E-17 | 7.33E-05 | -2.45E-05 | -3.79E-08
23 | 4.85E-05 | 2.93E-09 | -3.98E-16 | 8.35E-05 | -3.52E-05 | 1.36E-07
24 | -3.52E-05 | 6.41E-09 | -2.18E-15 | 6.42E-05 | -9.97E-05 | 3.41E-07
25| -5.32E-05 | 2.85E-09 | 1.06E-15 | 3.33E-05 | -8.61E-05 | -3.69E-07
26 | 1.02E-05 | 5.59E-10 | -7.93E-17 | 2.92E-05 | -1.92E-05 | 1.42E-07
27 | -2.98E-06 | 4.73E-10 | -9.66E-17 | 2.02E-05 | -2.34E-05 | 2.05E-07
28 | 1.46E-05 | 7.52E-11 | 2.97E-17 | 1.87E-05 | -3.68E-06 | -4.31E-07
29 | 5.64E-06 | 1.35E-10 | -6.78E-18 | 1.47E-05 | -9.16E-06 | 5.02E-08
30 | -2.41E-05 | 4.65E-09 | 1.86E-15 | 5.74E-05 | -8.12E-05 | -3.98E-07
31 | 4.88E-05 | 1.80E-09 | 6.81E-17 | 7.33E-05 | -2.45E-05 | -3.79E-08
32 | -4.43E-06 | 4.86E-11 | -2.92E-18 | 5.06E-06 | -9.54E-06 | 6.04E-08
33 | 1.49E-05 | 8.12E-10 | 3.90E-17 | 3.69E-05 | -2.20E-05 | -4.80E-08

If the maximum shear strain values are computed in both CT and LG systems, it would be

possible to see if maximum shear strain is invariant in 3D. The results are given in the
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following table.

Table 5.5 Maximum shear strain values in 3D.

CT system | LG system

1 | 1.61E-04 1.61E-04
2 | 8.43E-05 8.43E-05
3 | 1.37E-05 1.37E-05
4 | 2.98E-05 2.98E-05
5 | 1.44E-05 1.44E-05
6 | 1.04E-05 1.04E-05
7 | 3.62E-05 3.62E-05
8 | 2.68E-05 2.68E-05
9 | 4.65E-05 | 4.65E-05
10 | 1.56E-05 1.56E-05
11| 4.10E-05 | 4.10E-05
12 | 9.94E-05 9.94E-05
13 | 2.40E-05 2.40E-05
14 | 2.59E-05 2.59E-05
15 | 1.87E-05 1.87E-05
16 | 3.24E-05 3.24E-05
17 | 2.93E-05 2.93E-05
18 | 8.10E-05 8.10E-05
19 | 1.24E-04 1.24E-04
20 | 3.03E-05 3.03E-05
21 | 1.08E-04 1.08E-04
22 | 7.33E-05 | 7.33E-05
23 | 8.34E-05 8.34E-05
24 | 9.94E-05 9.94E-05
25 | 8.57E-05 8.57E-05
26 | 2.91E-05 2.91E-05
27 | 2.32E-05 2.32E-05
28 | 1.83E-05 1.83E-05
29 | 1.46E-05 1.46E-05
30 | 8.08E-05 8.08E-05
31 | 7.33E-05 | 7.33E-05
32 | 949E-06 | 9.48E-06
33 | 3.70E-05 3.69E-05
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As can be seen from the results, ignoring small computational rounding errors, maximum
shear strain is invariant under a rotation of a coordinate system in 3D. Now we can

summarize the invariants both in 2D and 3D as shown in Table 5.6.

Table 5.6 Invariants in 2D and 3D.

Robustness primitives

2D

3D

Dilation

invariant

invariant

Pure shear

not invariant

not invariant

Simple shear

not invariant

not invariant

Differential rotation invariant invariant
Total shear invariant not invariant
Maximum shear strain invariant invariant

5.7 Relation between 3D and 2D in terms of Invariants

In the previous sections the invariants in 3D have been shown. Now the question is: how
are the 3D invariants related to the 2D invariants? This question is crucial if we want to do
the strain analysis of geodetic networks in 3D and obtain the results in 2D. Or if we want to
compare the invariants in 2D with their 3D counterparts. These may be predicated for
verification purposes, for example, having the 3D solution at hand and the 2D solution may
be required, or the older equivalent 2D network can be analyzed.

The relation between 3D and 2D in terms of dilation has been developed in eq. (5.4).
However, how can the relation between 3D and 2D in terms of differential rotation be
shown? At the outset of the research the 3D solution (which is coming from the CT system)

was to be compared with the solution on the 2D manifold (xy plane) in the LG system.
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Several approaches have been tested, nonetheless the problem has not been overcome.
Eventually it is realized that this transformation was not possible due to a dimensionality
problem. The dimensionality problem is that the solution coming from CT system is in 3D
whereas the solution on the 2D manifold in LG system is in 2D. From egs. (2.19) and (2.32)
it is known that the formula for differential rotation in 3D in Xy plane and the formula for
differential rotation in 2D are the same. Thus the results coming from 3D solution and 2D
solution must be the same. Actually since measurements are taken in the Local Astronomic
(LA) system (distances are independent of the system) and later on transformed to the LG
system, this comparison should have been done in the LG system. If the results coming from
the 3D solution and 2D solution are compared in the LG system, it is seen in section 5.8 that
they are the same.

The differential rotation in 3D is given in section 5.2.2. However the differential rotation
in 2D may be understood as the length of rotation vector @ that stands out of the 2D
manifold. The displacement Ax = (u, v)' of a 2D position x = (X, y)T due to the differential

rotation ® is given by

L Sl

This equation can be written equivalently using the three dimensional symbolism as

u 0 o 0f|x oy y
Ax=|v|=|-o 0 Of|ly|=|-0x|=0|—-X (5.23)
0 0 0 0}|0 0 0

Another, equivalent way of writing this equation is
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X 0 0 X oy
Ax=|y[X]|0|[=—0|X|y|=|—-OX (5.24)
0| |o 0 0

where X denotes the vector product.
In the last equation, the differential rotation vector [0, 0, »]" is a vector of magnitude o,
perpendicular to the xy plane, or ®; in our alternative notation (see section 5.2.2), so that
AX =—-m XX (5.25)
Similarly, we may show that m, and ®; are perpendicular to planes xz and yz respectively.
This shows that the 2D matrix multiplication is equivalent to a vector multiplication by the
‘rotation vector’ that is perpendicular to the 2D manifold.

For clarity the alternative notation which was introduced section 5.2.2 is used. Using that

we write
Q 073
Q= Qz = 0)1,3 =0ty +tOM3 (5.26)
Q3] |0

which is a vector fixed in space implied by the strain matrix, but its magnitude is invariant in
any coordinate transformation. This can be seen by realizing that under any rotation of the
original coordinate system, neither the magnitudes, nor the configuration or the triad (®;, ®»,
®3) change.

The simplest way of computing the projection of € onto the normal to the 2D manifold
(to get the value of ® = ®, » that is sought) is to first rotate the 3D coordinate system into a
position where the xy plane coincides with the 2D manifold. The rotation can be done by the

standard formula:
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*

Q =RQ (5.27)
where R is the rotation matrix (see section 5.3) that transforms coordinates from the original
3D coordinate system into the coordinate system which is denoted by an asterisk in which the
xy plane is identical to the 2D. The z coordinate of Q" is the scalar  that is sought.

Having completed the solution for differential rotation it is time to move onto shear. Then
the question is: how can the relation between 3D and 2D in terms of shear be shown? At the
beginning it is thought that the relation could be achieved simply using projection methods.
Nevertheless it turned out that the answer was not that easy. Afterwards it is found out that
total shear is not invariant in 3D (see section 5.3). Therefore maximum shear strain is
employed in eigenspace.

The 3D system of principal axes is not related to the 2D system of principal axes in any
obvious way hence the relation has to be worked out in a step-by-step manner. The maximum
shear strain in 3D and the maximum shear strain in 2D are two scalars but different in
themselves. This is why for comparison the maximum shear strain in 3D must be
transformed to 2D. If the vector of strain eigenvalues (A}, A, A3)T = A from the standard
formula are computed we get

det(AT-S)=A" -1 A’ -L,LA-1, (5.28)
where I;, I, I3 are the invariants in 3D. The solution for cubic equations is outlined in

Dickson [1914]. If we set
A=y+— (5.29)
we get a reduced cubic equation
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vy +py+q=0 (5.30)

where

2 3
I LI 21

5.31
3 3 27 G0

Using Cardan’s formula [see Dickson, 1914; MacDuffee, 1954] the three roots of eq. (5.30)

are obtained as

y=- e R R

yzzmﬂ—%+Jﬁ+m2ﬁ—%—Jﬁ (5.32)

y3 =0’ 3\/—%+\/§+m3\/—%—\/§

where
3 2
rR=|2] 4[4 (5.33)
3 2
and
o= 1TV=3 Rt (5.34)

2 2
However, if the symmetric part of the strain matrix (S) is used, the three roots are always real

[Boresi et al., 1993]. In this case the above equations are simplified to the following

equations [MacDuffee, 1954].
YI = 2 31 — % + \/E
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y2=—3\/—%+\/§—3\/—%—\/§\/§ (5.35)

O AR MU

Then the roots of eq. (5.28) are obtained as follows

L

A=y +—

1=y 3
L

A2 =Yy> +? (5.36)
L

A3 =y3+—

3=Y3 3

If we look at the formulae in eq. (5.36) closely, because y; >y, > y; we see that the biggest
root is A and the smallest root is A3 . Since the maximum shear strain is defined as the
difference between the biggest and the smallest eigenvalue, to compute the maximum shear
in 3D we write

M=A;-A3 (5.37)

If A; and A5 are substituted in eq. (5.37) we reach

M=33‘/—%+\/E—\/§31/—%—\/§ (5.38)

In the 2D case, if the vector of strain eigenvalues (A1, kZ)T = A from the standard formula are
computed we get
detAJ —S)=A>—T A -1, (5.39)

where J; and J, are the invariants in 2D. The roots of eq. (5.39) are obtained from
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2 2
3 - I ++1% +41, 1, = I =12 +41, (5.40)

2 2

It is clear that A; > A, . So to compute the maximum shear in 2D, we write
“*:7‘1 —7L2 (5.41)

If we substitute A; and A, in eq. (5.41) we arrive at

w=+1% +41, (5.42)

We want to move from the maximum shear in 3D to the maximum shear in 2D. As can be
seen, eqs. (5.38) and (5.42) only depend on the invariants. However the invariants in 3D and
2D are different. Therefore we should find a relation between the invariants in 3D and
invariants in 2D. If we look at eq. (5.2) we see that the following relation is valid
I=J,+0, (5.43)
where G,, is one of the components of the symmetrical part of the strain matrix. So we need

to get I; out of eq. (5.38). Let us start with

3
M3:[331/—%+\/§—\/§31/—%—\/E] (5.44)

If the necessary algebraic manipulations are performed we obtain I; as

3

“K I3 I

11=—3i/\/ MoKk L LD (5.45)
27 2 6

where
K:—3[331/—%+\/§]2[\/§31/—%—\/§]+3[3 3‘/—%+\/EI\/§3,/—%—\/E]2
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Using eq. (5.43) we can write

3
M’ -K 1 LI
=33 R-——=+ 34+ 12 5
: \/ 27 2 6 ”

If eq. (5.47) is substituted in eq. (5.42) we get

3
M°-K 1 IiI
w= _33\/4 5 +—23+—162—<5ZZ +4J,

3
—[ﬁ —%—Jﬁ} (5.46)

(5.47)

(5.48)

This is the equation which has been sought. However, as can be seen, computing the

maximum shear strain in 2D from the maximum shear strain in 3D is very cumbersome

operation. That is why instead of computing the maximum shear strain in 2D from the

maximum shear strain in 3D, the maximum shear strain in 2D should be calculated

separately.

5.8 Numerical Results for 3D and 2D in terms of Invariants

Let us start with a simulated strain matrix in the CT system

3 10 7
ECT = 5 1 6
13 0 9

(5.49)

Then using the egs. (2.19), (2.20) and (2.21) the differential rotation vector in 3D is obtained
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as

(1)2,3 3
QCT = (1)1,3 =|-3 (550)
0)1,2 2.5

So we can calculate the differential rotation in 3D as

Qcr = \/wiﬁ + (’)12,3 + (’)12,2 =24.25 (5.51)

If we transform this strain matrix in (5.49) utilizing the rotation of the strain matrix in eq.

(5.15) we write
E G =RE-RT (5.52)
and we get the values in E; g as follows

17.1132 25822  4.9083
E| g =| 3.0308 -5.5367 -1.0377 (5.53)
5.0977  8.7989  1.4235

where

0.6387  0.6108 0.4680
R=| 06911 -07227 0 (5.54)
~0.3383 —0.3235 0.8837

This is the rotation matrix which is used to transform the strain matrix from CT system to LG
system. Since we want to compare the 3D solution coming from CT system with the one on
the 2D manifold (xy plane) in LG system, the differential rotation coming from the top-left
side of this strain matrix should be computed. This is because the top-left side of this matrix

corresponds the xy plane in LG system. If we do that we get
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| 17.1132 25822 (5.55)
LG 7 3.0308 -5.5367 '
The symmetrical and anti-symmetrical part of this matrix are as follows
_|17.1132 2.8065 (5.56)
LG 71 28065 —5.5367 '
Ar o o 0 —0.2243 (5.57)
L6 702243 0 '
So the differential rotation in xy plane in LG system is
Oy, =—0.2243 (5.58)

As can be seen, the value of w,, does not match with ®;, in (5.50). This is due to the

dimensionality problem. If we calculate the differential rotation vector in LG system in 3D

we get
(,02’3 —-4.9183
Qi =| o3 |=|-00947 (5.59)
(1)1’2 —-0.2243

The differential rotation vector in 3D in LG system is

Q= ol + 0, +of, =2425 (5.60)

This proves that the magnitude of the differential rotation vector is invariant under a rotation
of a coordinate system.

From eqs. (2.19) and (2.32) we know that as long as the 2D manifold consists of the xy
plane in 3D, the formula for differential rotation in 3D in xy plane and the formula for

differential rotation in 2D are the same. Thus the results coming from 3D solution and 2D
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solution must be the same. Actually since measurements are taken in LA system and later on
transformed to LG system, this comparison should have been done in LG system. We already
have the results for differential rotation in 3D in LG system. So what we need to do is
calculate the differential rotation in 2D in LG system. Let us extract the 2D strain matrix
from 3D strain matrix in LG system using top-left side of the strain matrix. If we do that we
get

17.1132  2.5822
LG = (5.61)

3.0308 —5.5367

Using eq. (2.8) we can calculate the symmetrical and anti-symmetrical part of the strain

matrix as follows

[17.1132 2.8065 (5.62)
LG 71 28065 —5.5367 .
A= 0 —0.2243 (5.63)
LG 7102043 0 .

From the anti-symmetrical part of the strain matrix it is clear that the differential rotation in
3D xy plane and the differential rotation in 2D in LG system (5.57) are the same. Since
(5.63) gives the differential rotation in Xy plane in 3D we can rotate the 3D coordinate system

using eq. (5.27) into a position where the xy plane coincides with the 2D manifold.
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CHAPTER SIX

CONCLUSIONS AND RECOMMENDATIONS

This chapter concludes the developments which have been made throughout this thesis. In
section 6.1 the conclusions are addressed and in section 6.2 recommendations for further

research are outlined.

6.1 Conclusions

Application of robustness analysis to 2D networks is known. However, in order to be able
to calculate the displacements in 2D networks the initial conditions must be computed. In
this dissertation the initial conditions for 2D networks have been formulated. Furthermore
the threshold values are needed to evaluate the networks. These threshold values enable us to
assess the robustness of networks. In this thesis the specifications given by Geodetic Survey
Division are used to compute the threshold values. The results prove that this approach
works well.

Robustness analysis is a very powerful technique capable of providing a picture of the
analyzed network. If a network has some defects, the robustness analysis technique reveals

them and portrays them.
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When the redundancy number of the observations is lower we obtain bigger
displacements. If a network has some deficiency (such as if the distances are not measured)
we can determine the weakness of the network for these points. This lack of measurements
also lowers the redundancy number of the observations in the network. However, if the
redundancy number of the observations increases the displacements get lower. The
observations with large standard deviations cause bigger displacements at the connected
points.

In 1D networks since there is only one component in the strain matrix not all the
primitives can be defined. Only dilation may be defined. Moreover when two points have
very nearly the same height (a common occurrence) the strain with respect to height might
become extremely large and mislead the results. Therefore in 1D networks there are some
issues which one should be aware of.

As well as 1D networks the robustness analysis technique cannot be directly applied to 3D
networks. Because if two points have very nearly the same height, the strain with respect to
height might become extremely large. In this case it is thought that instead of curvilinear
coordinates cartesian coordinates can be used. Since magnitudes (length) of displacements
are independent from the coordinate system, networks can be assessed in any coordinate
system.

Since displacements are computed from a system of first order differential equations, to
solve them, these equations should be integrated. Therefore the initial conditions have to be
determined. In this thesis the initial conditions for 3D networks have been developed.

Furthermore the threshold values are needed to evaluate 3D networks. These threshold values
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enable us to evaluate the robustness of 3D networks.

In this dissertation accuracy standards for positioning given by GSD are used to compute
threshold values for 3D networks. The confidence ellipsoid could be used to determine
accuracy of adjusted coordinates at network points for GPS networks since one may have the
full covariance matrix for GPS observations. However, with the traditional approach,
horizontal and vertical coordinates are obtained separately so generally a full variance
covariance matrix is not available for the points in the classical (terrestrial) three dimensional
networks. Therefore in this thesis the combination of 2D and 1D networks is implemented
following the suggestion made by Geodetic Survey Division of Canada.

Robustness of a network should be defined in terms of invariants rather than the
primitives since a datum change will change the strain matrix therefore the primitive values.
So in this thesis invariants in 3D are investigated. According to the results, in 3D Euclidean
space, dilation and differential rotation are invariants and maximum shear strain is invariant
in eigenspace. This means that no matter what the choice of the datum is the results for these
invariants will be the same for each solution. It has been shown that total shear is not
invariant in 3D.

In this dissertation it is shown how the 3D invariants are related to the 2D invariants. This
is crucial if we want to do the strain analysis of geodetic networks in 3D and obtain the
results in 2D. Or if we want to compare the invariants in 2D with their 3D counterparts. It
has been shown that maximum shear strain should be calculated in 2D rather than being
determined via its 3D counterpart.

Robustness of a network is affected by the design of the network and accuracy of the
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observations. Therefore the points that lack robustness in the network may be remedied either
by increasing the quality of observations and/or by increasing the number of observations in
the network. A remedial strategy is likely to be different for different networks since they
have different geometry and different observations. There might not be a solution fitting all

networks but in this thesis a general strategy has been developed.

6.2 Recommendations for Further Research

In this dissertation the norm of the displacement vectors at all points in the network is
minimized. However there is an infinite number of solutions to obtain the displacements
from strain; for example, minimizing the mean displacement for the network, or the largest
displacement, or the sum of absolute displacements or the median displacement etc. The
mentioned solutions might be developed and tested.

When two points have very nearly the same height (a common occurrence) the strain with
respect to height might become extremely large and mislead the results. Therefore a
technique which is going to handle the problem of application of robustness analysis to 1D
networks should be developed.

According to the investigations which have been carried out about total shear, in 3D, total
shear is not invariant in a rotation of a coordinate system in Euclidean space however in this
thesis it is shown that in 3D, maximum shear strain is invariant in eigenspace. Therefore the

relation between total shear and maximum shear strain needs to be investigated.
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In the evaluation of 3D total shear, the role that the pure and simple shears play is worth
investigating in order to be able to understand total shear in 3D.

Some things still need to be investigated for example if we get a big value of, let us say
pure shear. How can this problem be cured? What is the source of this problem? In order to
be able to answer these questions a synthetic network should be simulated and all the
observations in that network should be built one by one.

In this thesis the correlations among the observations are not considered. However to

obtain rigorously correct results, the correlations among the observations may be considered.
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APPENDIX I: ESTIMATION OF STRAIN MATRIX

I.1 Estimation of Strain Matrix in 2D

In Vanicek et al. [2001] a displacement of a point Pi is denoted as

Ax, =| || L1
Xi_AYi_Vi -

where u is the displacement in the x direction and v is the displacement in the y direction.

Then the tensor gradient with respect to position is

dui duj
| 9x 9y
E = vy ovi | (1.2)
ox 9y

For Vj =0,1,...,t (tis the number of connection) the displacements u and v can be calculated

as follows (see also Craymer and Vanicek [2002]).

ai+[%j(xj—xi)+ %—‘; (Y,-Y,)=u, (L3)
bi+[%}(xj—xi)+ %—‘;i (Y,-Y,)=v, (L4)

where all the partial derivatives as well as the absolute terms a;, b; and the coordinates X, Y;

refer to point P;. In matrix form:
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Viin the network K| — (I.5)

v, (L6)

Viin the network K| —|=vV,

Viin the network | 2% = (KK, )"K', = Quu, (L7)

Viin the network | —|= (KITK1 )_lKiTVi =Q,v, (L.8)

Assembling (I.7) and (I.8) into a hypermatrix, we reach
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\4

Viin the network AN |_ {Qi 0 }{ui} (L9)

Since we are looking for the relation between the displacement vector and the strain matrix,
absolute terms are no interest to us. So we can eliminate the first row of the Q; matrix. If we

show the reduced matrix with T and substitute the egs. (I.1) and (1.2) in eq. (1.9), we get

Viin the network vec(E, )= TAx, (1.10)
Using eq. (2.2) in eq. (I.10), we obtain

Viin the network vec(E;)="T,(ATPA) 'ATPAI (L11)
1.2 Estimation of Strain Matrix in 1D

Let us denote the displacement of a point Pi by

Ax; =[Az;]=[w;] (L12)

where w is the displacement in the z direction. Then the tensor gradient with respect to

position is

aWi
E, _{ oy } (L13)
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For all j = 0,1,...,t the displacement w can be calculated as follows

ci+%(zj—zi):vvj (114)

where Z; is the height of the point of interest, Z; is the height of the connected point. It means
that there will be one equation for each connection. In matrix form:
G
Viin the network K| ow, |=w, (L15)
0z

If this equation is solved using LSE as it is shown in section 1.1, the following equation is

obtained.
C; .
Viin the network | 9w, |= (K'K,)'K'w, =Q,w, (L16)
oz

Using the same reasoning in section I.2 and substituting from eqs. (I.12) and (I.13), we get
Viin the network vec(E,) = T Ax, (I.17)

Using eq. (2.2) in eq. (I.17), we obtain

1
Viin the network  vec(E;)="T; (ATPAT ATpal (L.18)

1.3 Estimation of Strain Matrix in 3D

Let us denote the displacement of a point P; by
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AXi Uy
AXi = Ayl =1V (119)

AZi W

then the tensor gradient with respect to position is [Love, 1944; Sokolnikoff, 1956 and

Timoshenko and Goodier, 1970]

aui aui aui
ox dy 0z
Ei _ aVi aVi Bvi . (120)
ox dy 0z
Bwi aWi aWi
| ox dy 0z |

This may be applied to geodetic networks as follows where uj, v; and w; are the

displacements of point Pi relative to point Pj:

adu, au, adu,

ai+a_X(Xj_Xi)+§(Yj_Yi)+a_z(zj_zi):uj (L21)
av, B i B i o)

b, +§(Xj X1)+ dy (Yj Yl)+ 9% (Zj Zi) Vi (1.22)
Wi (v _x )+ Wi(y v )e Wi(z 7 )=

c1+a—x(xj X, )+ % (Y,-Y,)+ - (z,-7)=w, (1.23)

where all the partial derivatives as well as the absolute terms a;, b; ¢; and the coordinates X,
Y; and Z; refer to point Pi and point Pj is connected (by an observation) to the point of

interest, point Pi. In matrix form:
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Viin the network K| du,

Viin the network K, ov,

Viin the network K| ow,

Using LSE, we obtain

Viin the network | du; |= (KiTKi)_lKiTui =Q,u,

Viin the network | 9v, |= (KlTKl TIK?vi =Q,v;
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(I.25)

(1.26)

(1.27)

(1.28)



Viin the network | ow, |=(K'K,J'K'w, =Q,w, (1.29)

Assembling (I.27), (1.28) and (1.29) into a hypermatrix, we get

4
9,
ox
9,
dy
o,
0z
bi
v,
ox
Viin the network | dv; |=
dy
v,
0z
C;
ow;

ox
oW,

dy
W, (130)
L dz |

£

o o R
o QL o
L o o
£ <

Using the same reasoning in section 1.2 and substituting from eqs. (I.19) and (1.20), we obtain
Viin the network vec(E, )= TAx, (131)
Substituting eq. (2.2) in eq. (I.31), we get

Viin the network vec(E;)=T,(ATPA) 'ATPAI (1.32)
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APPENDIX II: DETERMINATION OF INITIAL CONDITIONS

I1.1 Determination of Initial Conditions for 2D Networks

It is clear that eq. (3.2) is a system of first order differential equations. In order to solve
the system, it should be integrated. Therefore the initial conditions have to be determined. In
order to be able to calculate the initial conditions, the displacements caused by maximum
undetectable errors in network points should be minimized. This means that the norm of the
displacement vectors for all points in the network should be minimum. i.e.,

n n
min _ Y[Af]. = min  Y(u]+v]) (IL1)
(X0.YoeR)i=] (Xo.YoeR)i=

Here we are looking for the relation between the initial conditions and the strain parameters,
therefore the absolute terms a; and b; are no interest to us. So if the absolute terms are

removed from eqgs. (I.3) and (I.4) and then if these reduced equations are employed, we get

: n | (du; au; > ov; ov; >
= min ) (X =Xo)+ = (Yi = Yp) | + (X; =Xo)+=-(Y; = Yo)
(X(),Y()ER)izl aX a X
(IL2)
If this equation is differentiated with respect to X, we can write
o) |t
—= =0 (IL3)
X,
We get
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B S s B0 {5 xS o

(IL.4)

Using the same reasoning above, the constant terms are removed. So we write

n((du; du; du; du; ov; v, ov; dv;
— X = Xg)+——=—1; Y, X; —X Y; - Y, =0
o xa G5 v o 5520 x5 )

(IL5)

If they are taken into parentheses, we can write

nf( dujdu v O du; oy dv; O; du; Ay | IV O; ou; Ay | IV O;
—————— H—m—m—— Nt Kt ==+ |70
Al ok x ok ax dyox oyox |0\ ox axax | oy ox oy o

(IL6)

If this equation is expressed in the following form,

(a;Xg+b;Yy+c;)=0 (IL7)

i ngl=]

i=1

We can write that

L | aui 2 aVi 2
_i;_[g] +[ax ] ] (IL.8)

_ i aui aui n Bvi aVi
S\ dy dx  dy ox

2 2
)lf ou; Y, (9vi - duj du;  9vj Vi : (IL10)
iz ox ox ay ox ay ox

If the same equation is differentiated with respect to Y, we can write

(IL.9)
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—=—=0 .11
N (IL11)
We get
3 (_auiaui_awaw +[_9uiaui_9V19Vi +[9uiaui+9V13Vi .+[5u d N
i\ ox dy oxdy oy dy oydy )  |oxdy oy a
(I.12)
If this equation is expressed in the following form,
i(azxO +byYy +cy)=0 (I1.13)
i=1
We can write
n . . . .
_ Z du; du; N av; dv; (IL14)
o\ ox dy  ox dy
n au; av;
b, = il § (IL.15)
: ZI[GY] [8YJ ]
2 2
)li ; du; av ov; 4 adu; N ov; : (IL16)
i= Bx ay ax dy ady ay

If these system of linear equations (II.7) and (II.13) are solved with the compact form, we

obtain the initial conditions X, and Y as follows

-1
X a; b C
0|_|49 1 1 (IL.17)
Yo ] laz ba] [c2
The initial conditions X, Y are substituted in eq. (3.2) to calculate the displacements u and

v for each point in the network.

92



I1.2 Determination of Initial Condition for 1D Networks

In geodetic height networks the height differences between/among the points are the
measurements. Therefore heights are determined well whereas horizontal coordinates are
only approximately known. So in 1D networks one concentrates on the displacements in z
direction. Then we start with

n n
min YA = min Y w? (IL18)
(ZoeR)i=1 ' (ZoeR)iz1 !

Using the similar approach which is expressed in section II.1, if eq. (I.14) is employed, we

get

n . 2
= min z‘{aawl (zi—zo)} (IL19)
V4

(ZoeR)i=

If this equation is differentiated with respect to Zy we can write

o Jai],

0 I1.20
o (11.20)
We get
n ow: [ ow; ow;
-2—1 L7, ——17 =0 .21
El[ 0z ( Jdz = oz Oﬂ ( )

Since constants are no interest to us we write
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n 2
K
Z, =% ) (I1.22)
i ow,
=\ oz

The initial condition Z, is substituted in the following equation to calculate the displacement

w for each point in the network

Wi (7. _7,). (IL23)
0z

Wi=

I1.3 Determination of Initial Conditions for 3D Networks

Equation (3.1) is a system of first order differential equations. In order to solve the
system, it should be integrated. Therefore the initial conditions (X, Yo, Zo) have to be
determined. In order to be able to calculate the initial conditions, the displacements caused by
maximum undetectable errors in network points should be minimized. This means that the

norm of the displacement vectors for all points in the network should be minimum.

n n
min _ Y[Af|. =  min z(ui2 +VE W 12) (IL.24)
(X0.Y0.ZoeR )i=] (X0.Y0.Zo€eR )i=]

Using the similar approach which is expressed in section II.1, if egs. (I.21), (1.22) and (1.23)

are employed, we obtain
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2
= min i[[a&(& —X0)+a&(Yi —Yo)+aﬁ(zi —ZO)} +
Xo,Yo,ZoeR 1= aX y Z

2
(50 )+ B0 e s 20)| @29
y Z

If this equation is differentiated with respect to X, we can write

o) [,
i=1 — O

11.26
o (11.26)

We get

o I KL BV RV RSN AL DA
5 ox | ox ox dy dy oz oz

i Fig Mig Mg Ny Mg i (11.27)
x| ox T ax VT Ty T

Wi a"Vixi—awixo+awiYi—awiYo+awizi—awizo =0
x| x dy oy 2

Since constants are no interest to us we write

i _duj duj  dv; dv;  dw; ow; N _duj du;  dv; dv;  Ow; Ow; N
i=1 dx 9x ox ox ox ox | 0 0x dy O0x dy OJXx Oy 0

(_ duj du; Ivj dvi Iw; Iw; )Z +(aui du; +8Vi ov; +8Wi ow ]X

1

0x 0z O0X 0z OXx Oz ox dx O0x odx oOx OX

aui aui +aVi aVi +8wi aWi - aui aui +aVi aVi +aWi aWi =0
Ox dy odx dy Ox dy | | ox 9z ox 9z 9x 9z | |

(IL.28)

To simplify this equation it can be expressed in the following form,
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i(alxo +b;Yy +¢1Zg +d;)=0 (I.29)
i=1
We can write
i 2 2 2
L] Bui aVi Bwi
_ I S U B I1.30
i El(ax) [ax) (ax (11.30)
by = i du; du; +8Vi ov; +8Wi ow; (IL31)
il Ox dy Odx dy dJx dy
n(du; du; Odv; dv; Ow; Ow;
= + + I1.32
“ i§1 ox dz O0x dz OXx 0z (32)
n Bu Bu aWi Bwi Bui al,l1 aVl i Bwi Bwi
Z —L 14 Ly it ———t+t——+ i+
i [l ox ox ox ox ox dy ady
(IL.33)
du; du; dv; dv;
4Ly 114 :
ox dz Ox oz
If the same equation is differentiated with respect to Y, we can write
oy Jai]
—=——=0 11.34
o (IL34)
We get
i _aui 8ui _ aVi aVi _aWi aWi + _aui 8ui _aVi aVi _8wi aWi +
0 dy 0x dy dx dy OX 0 dy dy dy dy dy Ody 0
aul aul _aVi aVi _aWi aWi n aui aui n aVi aVi aWi aWi -
dy dz dy 0dz dy Oz 0 dy ox dy ox dy ox |
aul aul aVi aVi aWi aWi 4 aui aui n aVi aVi +8wi aWi =0
dy dy 8y dy dy dy | |9y 9z 9y 9z 9dy 9z | '

(IL.35)
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To simplify this equation it can be expressed in the following form,

(@yXo+byYy+crZg+dy)=0 (IL36)

I ™M=

i=1

We can write

8.2 _ i aui aui +aVi aVi +8wi aWi ] (1137)

=l dy dx dy dx dy OIx

2 2 2
n aui aVi aWi
bz_iz_][ay] +[ay} [ " ] ] 1.38)

n(du; du; OJv; dv; Ow; Ow;
_ + + 11.39
“2 E] dy dz dy 0dz dy 0z (11.39)
d2:§f | %%4_%%4_8“/1 % .+ %%4_%%4_8‘”1 aWi g
imi[(dy ox 9y ox ay ox | |dydy oy ay oy dy )’ (1140)
Ouy duy vy i w; |
dy oz dy oz 9y oz |
If the same equation is differentiated with respect to Zy, we can write
ONY
1= :O II41
S (IL41)
We get
P[0 dwy dvi dvi dwidwi N [ oy du dvi Ovi dwi dwi
S0l x 2 ox o ox 0 2 dy oz dy o oy |°
aul aul aVi aVi awl awl i a'-]—1 aVi aVl awl awl (I1.42)
—_— 0t ——+——+ i+ .
0z 0z dz dz dz oz dz ox dz ox 0dz OX
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To simplify this equation it can be expressed in the following form,

(a3X( +b3Yy +c3Zg +d3)=0 (IL43)

1

I ™M=

1

We can write

a3 _ i aui aui n Bvi Bvi n Bwi Bwi (1144)
-\ 0z 0x dz dx OJz Ox

b3 _ i aui aui +aVi aVi +8wi aWi (1145)
izl 9z dy dz dy Jz Jdy

n_ aui 2 Bvi 2 Bwi 2
-8 (%) (5 s

n { aui Bui Bvi aVi Bwi Bwi aui Bui aVi aVi Bwi Bwi
d3:Z _——t———t— H i
[l 0z ox dz ox dz Ox dz dy dz dy Jdz Ody
duj duj | dvi Vi | Owi W ),

dz 0z 9dz oz 9dz oz |

+

(11.47)
If these equations (I1.29), (I1.36) and (I1.43) are solved with the compact form, we obtain the
initial conditions X, Y and Zo as follows
-1
Xo| (a1 by ¢ | |d
YO =|aj b2 Co d2 (1148)

The initial conditions Xy, Yo and Z, are substituted in eq. (3.1) to calculate the displacements

u, v and w for each point in the network.
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APPENDIX III: PRINCIPAL STRAINS IN 3D

If we change our notation to distinguish between the symmetrical and anti-symmetrical

part of the strain matrix we write

€i

j = Gij + wij (IIL.1)

where ej are the components of strain matrix, G;; are the components of symmetrical part of
the strain matrix and 0;; are the components of anti-symmetrical part of the strain matrix.

The strain vectors 6y, 6y and o, are written as follows

oy = cxxi+cxyj+cxzk
Gy =0 yi+0yyj+0y,kK (II1.2)
o, =szi+czyj+czzk

where i, j and k are the unit vectors. Now consider the strain vector 6p on an arbitrary

oblique plan P through point O see Fig. III.1.
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Fig III.1 Strain vector on an oblique plane having a normal N.
The unit normal vector to plane P is
N=li+mj+nk (IIL.3)
where I, m and n are the direction cosines of unit vector N. The ratios of areas OBC, OAC
and OBA to area ABC equal to 1, m and n respectively. Therefore we can write

op =l6y +mo, +no, (IIL.4)

y
op can also be written in terms of its projections as follows:

Op ZGPxi+GPyj+GPZk (IIL.5)

Using eq. (IIL.4) we can write

Op, =104x + MOy, +10,4

yX

Op, = oy +mGyy +n0,, (IIL.6)
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Gp, =loy, +moy, +nG,,

yz
The normal strain opy on the plane P is the projection of the vector op in the direction of N
that is

6pNn =6p N (IIL.7)

Substituting eqs. (I11.3), (III.5) and (II1.6) in eq. (II.7) we get

opn =170 +m?cyy, +n%0,, + mn((syZ +G,y )+nl(o,, +06,, )+ lm(cxy +Gyx )

2

opn =120, +m?c,, +n%6,, +2mnG,, +2InG,, +2Imc (IIL.8)

Yy yz Xy
Let x,y,z and X,Y,Z denote two rectangular coordinate systems with a common origin.
The cosines of the angles between the coordinate axes are given in the table below.

Table III.1 Direction cosines
between the coordinate axes

X |y |z

1 m; |

X
Y 12 mp | N
Z 13 ms | N3

The strain components 6xx, Oyy, Ozz,... are defined with reference to X,Y,Z axes in the same
manner as Oyy, Oyy, Oz,...are defined relative to the axes X,y,z. oxx is the normal strain
component on a plane perpendicular to axis X and oxy and oxyz are shear strain components

on this plane. Hence using eq. (II1.8) we can write

Oxx =1{0yxy +M{Gyy +170,, +2mn;Gy, + 201116, +21;mC (IIL9)
Gyy =130y, +M3Gyy +136,, +2myn,Gy, +2n,156,, +21)my0 (IIL.10)
677 =150, + M3,y +n30,, +2m3n36y, + 203136, +213m30,, (IIL11)
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oxy 1s the Y component of the strain vector 6x acting on the plane perpendicular to the X
axis. Thus oxy may be evaluated by forming the scalar product of the vector 6x with a unit
vector parallel to the Y axis which is
N, =i+ myj+nsk (IIL.12)
By egs. (IIL5), (II.6) and (II1.12) oxy is determined as
oxy =0xNj =oyN;
oxy =110 +mmyGyy +1y076,, +(myny +myn; oy,
+(liny +15n7 Jo,x +(lmy +1;my Joy, (IIL.13)
Using similar procedures
6xz = 6xN3 =1j130,, +mm3Gy, +1yn36,, +(mn3 + m3n; oy,
+(lin3 +13n1 Jox + (Iim3 +13my Joy, (IIL14)
Gyz = 6yN3 =15136, +mym36yy +ny036,, +(myn3 +m3ny oy,
+(Ipn3 +13n5 )0, +(Ilym3 +13m;y )o (IIL15)
There exist three mutually perpendicular planes at point O on which the shear strain
vanish. The remaining normal strain components on these three planes are called principal
planes. The strain vector on principal planes is given by
6p=0N (IIL.16)
where o is the magnitude of the strain vector op and N the unit normal to a principal plane.

Projections of op along x,y,z, axes are

Gp =0l
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GPy =0m (IL.17)

Op =0n

z

Hence by eq. (III.6) we obtain

I(oxx —0)+mGy, +nGy, =0
I6,y+mloyy —c)+no,, =0 (IL.18)

I6,, +mGy, +n(c,, —6)=0

yz
For egs. (II1. 18) to posses nontrivial solutions, the determinant of the coefficients of 1, m and

n must vanish. Thus

Oxx —O ny Oxz
Oxy Gyy =6 Oy, |=0 (IIL.19)
Oxz Gyz Oz, =0

Expanding the determinant we get

6’ -I;,6%? -I,6-13 =0 (IIL.20)
where

I} =0 + Gyy +Gy;

I, = Giy +G§Z +G)2,Z —~OxxOyy ~OxxOzz ~OyyOy, (IL.21)

I3 = Gxxcyyczz + 26xycxzcyz _GXXG)ZIZ _nyciz _Gzzciy

I;, I, and I5 are invariants of strain and must be the same for all choices of coordinate axes

X,y,z [Boresi et al. 1993].
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APPENDIX IV: ROTATIONAL INVARIANCE IN 3D

IV.1 Derivation of Partials in the Rotated System

Consider two analysis of a network, the first using coordinate system (X, y, z) where

AXi u;
AXi = Ayl =1 V; (IV l)
AZi Wi

then the strain matrix is

Qui  duy du;
ox dy 0z
O AT AT R (IV.2)
ox dy 0z
aWi aWi aWi
| Ox dy 0z |

The second analysis uses coordinate system (x*, y*, z*) which is rotated clockwise about Ox
(along x axis) by an angle a and then subsequently rotated clockwise about Oy (along y axis)
by an angle B next after the o and [ rotations the axes are rotated clockwise about Oz (along

z axis) by an angle y. Thus

Uj Ui
Ax; =|vi |[=R]| v; (IV.3)
wi| o Lwi

and the strain matrix is
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*

du; ou; du;
ox” ay* oz"
E = avi avjt avjt . (IV.4)
ox dy 0z
ow: ow, ow.
_BX* ay* 82*_

For simplicity subscript i is from now on going to be omitted. Where

CosBCosy CosPSiny —Sinf
R =| SinaSinfCosy— CosaSiny SinaSinBSiny + CosaCosy SinaCosf (IV.5)
CosaSinBCosy+ SinaSiny  CosaSinBSiny — SinaCosy CosaCosf3

The displacement vector in the second system is
Ax" =R Ax (IV.6)
then we can write

CosPCosyu + CosPSinyv — Sinfw
Ax =| (SinaSinBCosy— CosaSiny)u + (SinaSinBSiny + CosaCosy)v + SinaiCosPw
(CosaSinBCosy + SinaSiny)u + (CosaSinBSiny — SinaCosy)v + CosaCosPw

(IV.7)

Since the rotation matrices are orthogonal the displacement vector in the first system is
Ax=RT Ax" (IV.8)
where

CosPCosy SinaSinfCosy— CosaSiny CosaSinfCosy+ SinaSiny
R" =| CosBSiny SinaSinBSiny+ CosaCosy CosaSinBSiny — SinaCosy
—Sinf SinaCosp CosaCosf

(Iv.9)
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Then we can write

CosBCosyu” + (SinaSinBCosy—CosoSiny) v* + (CosaSinBCosy + SinaSiny)w”
Ax =| CosPSinyu” + (SinaSinBSiny + CosaiCosy) v' + (CosaSinBSirnry — SinoCosy) w”

—SinBu” +SinaCosB v’ +CosaCospw"

The partials with respect to first coordinate system are

*

du_ = CosPCosy
du

u = CosPSiny
ov

£

%L = Sino:SinBCosy — CosaSiny
u

*

aal = SinaSinBSiny + CosaCosy
v

£

G = SinaCos
ow

aal = CosaSinBCosYy + SinaSiny
u

aal = CosaSinpSiny — SinoCosy
A%

*

ow_ = CosaCosf
ow

The partials with respect to second coordinate system are

(IV.10)

(IV.11)

(IV.12)

(IV.13)

(IV.14)

(IV.15)

(IV.16)

(Iv.17)

(IV.18)

(IV.19)



= CosPCosy

—— = CosPSiny

= —SiIlB

= SinaCosf3

0z
oz

= CosaCosf

= SinaSinBCosy — CosaSiny

- = CosaSinBCosy + SinaSiny

- = SinoSinPSiny + CosaCosy

= CosaSinfSiny — SinaCosy

Using the chain rule for differentiation

*

du” _dudu_ ou dv du dw
Ox du dx dv dx OJw Ox
du” _du"du du dv du” dw
dy dudy 0Jvdy oOw dy
du” _du"du du dv du” dw
dz du dz Jv dz Ow 0z
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(IV.20)

(IV.21)

(IV.22)

(IV.23)

(IV.24)

(IV.25)

(IV.26)

(Iv.27)

(IV.28)

(IV.29)

(IV.30)

(IV.31)



%

ov _9vidu v dv ov ow
Ox du dx Ov Ox Ow Ox

k

ov' _ v du v v v dw
dy du dy dv dy ow dy

%

B v du ov dv oV ow

ov du av

9z du 9z Ov Bz+awa_z

*

ow' 9w du_ ow v ow dw
Ox du dx Ov Jx Ow Ox

*

ow' _ow du_ ow v ow ow
dy ou dy o0v dy Ow dy

*

ow  _ow du_ ow v ow ow
dz du dz Ov dz Ow oz

Using the chain rule for differentiation

*

du :au* ox +au* ady +Bu* 0z

ox" Ox 9x"  dy ox” 0z 9«

du” du 9x du dy du oz
= + +

*

du :au* ox +8u* ady +au* oz
oz ox 97" dy 97" 9z 3"
v v ox ov dy oV oz

* % + % + %
o0x 0X 9x dy ox 9z 9x

%

ov :BV* ox +8V* ady +8V* oz
ay"  Ox gy"  9dy gy 0z gy
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(IV.32)

(IV.33)

(IV.34)

(IV.35)

(IV.36)

(IV.37)

(IV.38)

(IV.39)

(IV.40)

(Iv.41)

(Iv.42)



BV* _ ov Bx* N ov 8}; N ov Bz* IV 43)
0z X 9z dy oz 0z 9z

aw* _ ow Bx* N ow 8}; N ow Bz* (IV.44)
ox X 9x dy ox 9z 9x

Bw* _ ow ax* N ow 8}; N ow Bz* (IV 45)
dy oX gy dy gy 9z 9y

ow  Jdw Ox N ow dy N ow 0z (IV 46)

oz - ox oz 9y 92" 9z 97
Using tensor analysis summation convention the eqs. from (IV.38) to (IV.46) can be

expressed as

ou” 3 ou” au® axP AV 47)
ox - au® oxP ax* .
ou” 3 ou” au® axP IV 48)
ay” u® axb oy .
ou” 3 ou” au® axP (IV.49)
oz - u® oxP az” .
v 3 v’ au® oxP IV 50)
ox" - u® oxP ax* .
v _ o' u® oxP aV51)
By* du® oxP By* .
v B o' du® oxP (IV.52)
oz - au® oxP az” .
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*

ow ow” au® axP IV 53)
ox _aua axP ox” .
ow  _ow ou® oxP IV 54)
ay” Cu® P oy .
ow" B ow" du® axP (V.55
oz _aua axP az" .

Using tensor analysis summation convention, the egs. from (IV.47) to (IV.55) can be

expressed as
au*r 3 au*r u® oxP
ax*s u® oxP ax*s

(IV.56)

where Greek indices imply summation over the values (1,2,3). r and s are the free indices.

Indices’ role can be found in Boresi and Chong [2000].

IV.2 Invariance of Dilation

Dilation is given in 3D as follows

prolfdu v, dw (IV.57)
3lox° 9y oz

From the eqgs. (IV.38), (IV.42) and (IV.46), we write
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ou’

£

= (CosBCosya—u + CosBSinya—V —Sinf a—W)COSBCOS’Y
ox ox ox

+ (CosBCosya—u + CosBSinya—V - SinBa—W)CosBSiny (IV.58)
ady ady dy

v

. o OW )
>, —Slnt)(—SmB)

+ (CosBCosyg—u + CosPSiny
z

and

% = ((SinaSinfCosy — CosaSiny) g_u + (SinaSinBSiny + CosaCosy) g_v + SinaCosp3 aa—w)
X X X

(SinaSinBCosy — CosaSiny) + ((SinaSinBCosy — CosaSiny) g_u + (SinaSinBSiny +
y
ov . OW . . o C e
CosaCosy) Ew + SinaCosp a—)(SmocSmBSmy + CosaCosy) + ((SinaSinfCosy —
y y

CosaSiny) g—“ + (SinaSinBSiny + CosalCosy) g_v +SinatCos aa—W)SinO(COSB
V4 V4 Z
(IV.59)

and then

aaw* = ((CosaSinBCosYy + SinaSinYy) g_u + (CosaSinBSiny — SinaCosy) S—V +
z X X

CosaCosp aa—w)(CosocSinBCosy + SinaSiny) + ((CosaSinfCosy + SinaSiny) 3—11 +
X y

(CosaSinfSiny — SinaCosy) g_v + CosaCosf %—W)(CosocSinBSiny —SinaCosy) +
y y

((CosaSinBCosy + SinaSinYy) g_u + (CosaSinBSiny — SinaCosy) g_v + CosaCosp3 aa—w)
z z z

CosaCosf
(IV.60)
- ov ow’
If 4 o v " and —W* are replaced in eq. (IV.57) and the necessary algebraic manipulations

ox dy oz

are performed we see that
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prolfou_ov  ow | 1fou dv dw)_ o (IV.61)
3lox" ay" oz 3|0x dy oz

It means that X is invariant under a rotation of a coordinate system.

IV.3 Invariance of Differential Rotation

Since whether Q is invariant in a rotation of a coordinate system in 3D is investigated, we
require
Q=Q" (IV.62)

which is equal to

coiy + cofZ + co%z = Wyy + Oy, + 0y, (IV.63)
where

(52 2 S )

o' aw ||
+H o T av.es)
Jz  dy
After eliminating the constants we can write

2 2 2 * % \2 * % \2 # % \2
(@_@) +(a_u_a_wj +[@_a_w} o ovi ] [ou ow | [ov ow
dy Ix dz  Ox dz  dy oy ox oz ox oz oy

(IV.65)

N | =

If we open the parentheses on the right hand side, we get
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ou ou” ou v ovi av ou du ou ow’ ow aw v v
dy dy dy dx O0x dx dz 0z dz Ox 0x Ox 0z 0z

v ow  Ow ow
-2 +— "

oW (IV.66)
dz dy dy dy

If the eqs. from (IV.47) to (IV.55) are employed

_oum P au®ax® ot au®axP vt au® P v au® ox® v u® P
u® oxP oy au® axP ay"  ou® oxP gy au® oxP ox"  au® axP ox” ou® axP oax”
Lo ouoxP ou” u® P ou” u® axP ow” u® kP aw” au® axP aw” u® kP
u® axP o u® oxP oz au® axP o au® axP ox™  u® axP ox™ au® axP oax”
Lo %P vt P v u® aP ow” u® kP aw” au® axP aw” u® kP
u® oxP az" au® axP oz"  u® oxP 2" au® oxP ay"  au® oxP ay” au® axP ay”
(Iv.67)

which is equal to

. (uY _ouav (ovY (duY _ouow (owY (avY _ovow (ow)
Q =| Q| QO [OV) (O] _HOUOW [OW [[OV) HOVOW [OW | _q
(ay) dy ax+(8x) +(8Z) dz 0x +(8x) +(az) dz dy ¥ dy
(IV.68)

Equation (IV.68) is evaluated using MAPLE software. Numerical results are given in section

54.

IV.4 Total Shear

It is postulated here that total shear I" is invariant in a rotation of a 3D coordinate system

in Euclidean space. So we postulate that
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r-r =0 (IV.69)

From eq. (5.7) we know that

=7, +75 +7, (IV.70)

If we substitute egs. (2.22), (2.23) and (2.24) in eq. (IV.70), we get

2 2 2
rzz( §y+u§y) +( rizﬂﬁzj +( 15, +3, ) (IV.71)
which is equal to
r? =12 +02 +1§Z+D§Z+12 +02 (Iv.72)

Txy Xy yz yz

If we substitute egs. from (2.13) to (2.18) in eq. (IV.72), we obtain
o (1w v\ (1fau av ) (1(u aw Y (1(3u_aw)Y
r — || H ===+ || + — || = =+
2| ax dy 2l dy ox 20lx oz 2\ 0z ox
2 2
+ a—V—a—W + 1 a—V+a—W (IV.73)
2| dy oz 20z 9y

We know that an invariant remains invariant after it is multiplied by a constant so we can

write

w2 _(du_avY (o avY (u_awY (9w owYV (ov_awY (9v ow)
ox dy dy Ox ox 0z dz  Ox dy 0z dz dy
(IV.74)

If we open the parentheses we get
- ou Y B a_u a_v v Y au 4o au BV ov Y au B a_u a_w ow Y N
ax ax ay ay ay ay BX ax Bx ax dz | oz
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uY .oudw (ow) (ov) .ovow (ow) (ovY .ovow (ow)

— | +2—F+|— |+ = | 2——+| — | H| — | +2——+| —

0z dz dx | ox dy dy 0z | oz 0z oz dy | dy
(IV.75)

For total shear in the rotated system we write

I A A (Iv.76)

If we substitute egs. (2.22), (2.23) and (2.24) in eq. (IV.76), we get
2 2 >\ 2 >\ 2 >\
r :[ ”C;iy +0iy ] +[ riz +niz ] +[ f;z +D>;Z ] (Iv.77)

which is equal to

%2 %2 %2 %2 %2 %2 %2

+Vyy + Ty, T Vy, +Ty, TV (IV.78)

I yz yz

=Txy * Uxy

If we substitute eqs. from (2.13) to (2.18) in eq. (IV.78), we obtain
2 2 2 2
%2 1o ov' 1o ov' 1" ow 1o ow
I == ¥ - % T3 ol 5 ¥ * 5 T *
2l ox" oy 20y ox 2lox° oz 20027 ox
s Lo w1V dw (IV.79)
210y oz 200z oy
Using the same reasoning about invariants we can write

2 [ou ov ou  ov du ow du  ow ov  ow ov  ow
O DNl B Bt el I el I e sl B el B el
ox oy dy Ox ox oz oz ox dy oz oz oy

(IV.80)

If we open the parentheses we get

%

:au*au

ou v ovi oV du du ou ov ov ov. ou ou
T —2— + + +2 + +
Jox Jx ox dy

*

%" 9w
dy dy" 9y 9y 9y ax ox ox ox ox  ox oz
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ow ow. ou du oulow’ ow  aw v v v ow ow ow
dz 0z 0z Oz dz Ox 0x o0x dy dy dy 0z Jdz 0z

+8V* v zav* ow'  ow ow
oz" 9z 9z 9y 9y oy

(IV.81)

An invariant must be invariant for any rotation changes therefore in the rotation matrix in
(IV.5) only a is chosen as an arbitrary angle and B and vy are set to zero. Essentially this
rotation change has also been worked out considering all three angles a, 3, y as variables.
However this just makes the results more complicated. In fact choosing a as a variable and

setting  and vy are to zero simplifies the following differentiations:

du_ _, (IV.82)
Ju

CLN (IV.83)
ov

du_ o (IV.84)
ow

¥ _y (IV.85)
Ju

N _ Cosar (IV.86)
ov

N _Sinat (IV.87)
ow

M, (IV.88)
ou

M __Sina (IV.89)
ov
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V4
+ = Cosa
0z

(IV.90)

(Iv.91)

(Iv.92)

(IV.93)

(IV.94)

(IV.95)

(IV.96)

(IV.97)

(IV.98)

(IV.99)

Substituting these differentials in the differentials from (IV.29) to (IV.46) and using MAPLE

software, eq. (IV.81) yields

Jdu

%2 2 5 [ ow 2 2 5 (dv 2 A
I’ =4Sin“aCos“0 8_ +4Sin“oCos O{B_] +2Sin“o0——+2
y z

0x dy
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2 2

+28in’aCos’of 2 | +2sin’aCos’o & | —2sin’a %Y 4 2costa W &
oz dy 0x dy dy 0z

205’0 Y 4 205’0 Y2 1 2cosPasing 22 4 2cos asina 2 2

0x 0z 0x dy dy dy dy 0z
ov ow ow 0w 4 OV OwW ° Jdu ow

+ 8Si C ——+ZS Coso.———2Cos"aa———2Sin
in’aCos ocaz % in’oCosa 3% 3 ocay ™ ax S,
2
22 2 asina 2% osinta DY MY 4 agin2a Y N ocestq 0
ox 0z dy ay 2z X 0z ax ay

2 2 2 2 2
+Cos’o. ow +Cos’a ou +Sin’a ow +2Cos*a ov +2Sin‘o ow
ox oz 0x dy 0z
2 2 2 2 2
+Cos’al ou +Sin’o du +Cos’a v +2Cos*a Iw +2Sin‘o v
ady oz ox 0z dy
2

2 2 2
+Sin’o au +Sin’o v +Cos*a v +Sin‘o ow +2CosaSin’ (xa_va_w
dy ox oz dy dz 0z

ov ow ow ow ov ov ov ow
—2SinoCos a2 2 _2SinaCos o 2 Y _asindaCosa -2 — 2Sin3aCosa 2 2
moCos (Xaz az moacCos (X ay az m (X oS az ay m (X oS ay ay
ow \ av Y
+Cos*e] 2| +sin‘al & (IV.100)
dy oz

If the necessary algebraic manipulations are performed eq. (IV.100) is simplified to

2 2 2 2 2
r- _2(32) [g‘;] +[3_121] +[S—Z] +[%—‘:) +(g—:] (1+ZSin20cCos206)+

) 2
aa_w] (1 + 2sin2(xC0520€)+ [3_\/] (2Sin20cCos20c +2Cos* o + ZSin4(x)+
y y

ow

Z

] (28in”0Cos 0+ 2Cos* e+ 2Sine)+ 2. U 4 p W U _,0udv _, du dw

o0xdy 0x dz dxdy OX g-i_

Iw v (2Cos* o+ 2Sin*ar)- ov Iw I (2Cos*ou+ 2Sin*o)+ @aa—w (2Cos*aSina - 2Sin’aCosa.)

dy oz dy oz dy dy

+ Y (o5 asing - 25in aCoso)+ 2 2V

¥ (2Sin*aCosa — 2SinaCos’ o)+
dy 0z ay oz
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N W (Sin 0Cosa - 2SinaCos’a)+ 22 (88inaCos’a) (IV.101)
dz 0z 0z dy

So we see that

av
dy

o aw

dy

2
} (Sin0iCos>0+ Cos* o
z

) 2
r’-r’= 2[ ) SinzocCOSZOC+2[ ] SinzocC0520L+2[

2
+Sin‘a—1)+ 2(8_w} (Sin®aCos0+ Cos*o+Sin“a—1)+ 288—W3—V(COS4OL +Sin‘a—1)
z y 0z

- Za—va—w(Cos4oc+Sin4oc—1)+ 28—Va—W(Cos30cSin0c—Sin3(xCOS(x)+

dy oz dy dy

ARl (Cos’aSino. — Sin*aCosa)+ R IW W (Sin*aCoso. — SinaCos’a )+

dy 0z dy 0z

29 I (Gin S aCosa - SinaCos o)+ 8 2 2% SinaCos’a (IV.102)
Z 0z z dy

If it can be shown that eq. (IV.102) is not equal to zero, that would prove that total shear is
not invariant in a rotation of a coordinate system in Euclidean space. This is discussed in

section 5.3.

IV.5 Commutativeness of Strain Matrix

The strain matrix can be decomposed into two as follows
1 . 1 T
E=5(E+E )+§(E—E ) (IV.103)

E=S+A (IV.104)
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The strain matrix in the rotated system is computed as
E =RERT (IV.105)

Substituting eq. (IV.104) in eq. (IV.105), we get

E'=R(S+A)R" (IV.106)
E'=(RS+RA)R" (IV.107)
E'=RSR"+RAR’ (IV.108)

This is the equation which is given in eq. (5.17) and this proves that the transformation from

first coordinate system to second coordinate system is commutative.

IV.6 Dilation in 2D and 3D

In section 2.2, dilation in 3D is given as

o[ u, v oW (IV.109)
3ldx dy oz
du Jv ow . o :
If % 3y and 3, are represented by ¢,, 0, and o, respectively, and the dilation in 3D is
X dy z

shown by * G, we can write
3 1
G=§(Gl+62+03) (IV.110)

In fact this is the result produced by eq. (5.3) for the 3D case. For the 2D case, eq. (5.3)

produces the following
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1
2625(61 +0,).

If *G is shown by G we can write
6= l (61 +0, )
2

20=0,+0,

and o is shown by X, using eq. (IV.110) we can write
1
Y= 3 (26+0,).

This is the equation which is given in eq. (5.4).

121

(IV.111)

(IV.112)

(IV.113)

(Iv.114)



VITA
Mustafa Berber

Department of Geodesy and Geomatics Engineering
University of New Brunswick

POBox: 4400, Fredericton, NB

E3B 5A3 CANADA

Phone: (506) 451-6855

Fax: (506) 453-4943

E-mail: s298d@unb.ca

Education

2002-Present PhD, School of Graduate Studies, University of New Brunswick,
Fredericton, NB, Canada

2001-2002  Visiting Researcher, Dept. of Geodesy and Geomatics Engineering,
University of New Brunswick, Fredericton, NB, Canada

1998-2001  PhD, School of Graduate Studies, Yildiz Technical University, Istanbul,
Turkey (not completed)

1995-1998  MSc., School of Graduate Studies, Yildiz Technical University, Istanbul,
Turkey

1991-1995 BSc., Department of Geodesy&Photogrammetry Engineering, Yildiz
Technical University, Istanbul, Turkey

Publications

P. Vanicek, E. Grafarend and M. Berber. “Strain Invariants”, Journal of Geodesy,
submitted.

M. Berber, P. Dare and P. Vanicek (2005). "Remedial Strategy for Geodetic Networks"
Proceedings of Canadian Society for Civil Engineering, 33" Annual Conference,
June 2-4, 2005, Toronto, ON, Canada.

M. Berber, P. Vanicek and P. Dare. "Robustness Analysis of 3D Networks", Survey
Review, accepted for publication.

M. Berber, P. Dare and P. Vanicek. "Robustness Analysis of 2D Networks" Journal of



Surveying Engineering, ASCE, accepted for publication.

M. Berber and S. Hekimoglu (2003). "What is the Reliability of Conventional Outlier
Detection and Robust Estimation in Trilateration Networks?" Survey Review,
vol: 37, no: 290, October 2003.

M. Berber, P. J. Dare, P. Vanicek and M. R. Craymer (2003). "On the Application of
Robustness Analysis to Geodetic Networks." Proceedings of Canadian Society
for Civil Engineering, 31st Annual Conference, June 4-7, Moncton, NB, Canada.

S. Hekimoglu and M. Berber (2003). "Effectiveness of robust methods in heterogeneous
linear models". Journal of Geodesy 76 (2003) 11-12, 706-713.

Hekimoglu, S. and M. Berber (2001). "Reliability of Robust Methods in Heteroscedastic
Linear Models" Proceedings of IAG Scientific Assembly 2001, September 1-7,
Budapest, Hungary.

M. Berber and S. Hekimoglu (2001). "What is the Reliability of Robust Estimators in
Networks?" Proceedings of First International Symposium on Robust Statistics
and Fuzzy Techniques in Geodesy and GIS, IAG-SSG 4.190 Non-probabilistic
assessment in geodetic data analysis, March 12-16, ETH Zurich, Switzerland.

Conference Presentations

M. Berber, P. Dare and P. Vanicek (2004). "How Robust are Our Geodetic Networks?"
Geomatics Atlantic 2004, June 7-9, Fredericton, NB, Canada.

M. Berber, P. Dare and P. Vanicek (2004). "Quality Control of Geodetic Networks
Through Robustness Analysis." 2004 Joint Assembly, May 17-21, Montreal,
QC, Canada.

M. Berber, P. Dare, and P. Vanicek (2003). "An Innovative Method for the Quality
Assessment of Precise Geomatics Engineering Networks." The Mathematics of
Information Technology and Complex Systems (MITACS) Atlantic Interchange,
Dalhousie University, 24 March 2003, Halifax, NS, Canada.





