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TOWARD AN IMPROVED ORTHOMETRIC

HEIGHT SYSTEM FOR CANADA

m Rebert Kingdon, Petr VaniGek, Marcelo Santos, Artu Ellmann and Robert Tenzer

Heights in Canada are defined in the system of orthometric heights, according to a method proposed by
Helmert in 1890. However, much development in the theory of heights has been done since then, leading to a
more rigorous definition of orthometric heights. The new definition takes into account the effects of terrain
roughness, laterally varying anomalous topographical density, and the NT geoid-generated gravity distur-
bance, which are not considered in the Helmert method. This paper presents a calculation of corrections to
Helmert orthometric heights, to update them 1o the more rigorous definition. The corrections for each effect,
as well as a total correction comprising all three effects, are evaluated for a Canadian test area which
includes several types of terrain. The correction is found to reach decimetres in some mountainous areas.

Au Canada, les hauteurs sont définies dans le systéme des hauteurs orthométriques selon une méthode
proposée par Helmert en 1890. Toutefois, beaucoup de travail théorigue sur les hauteurs a été accompli
depuis, conduisant & une définition plus rigoureuse des hauteurs orthométriques. La nouvelle définition tient
compte des effets de la rugosité du terrain, de la densité topographigue anomale variable latéralement et de
la perturbation de la gravité du géoide de la TN, gui ne sont pas considérés dans In méthode de Helmert. Cet
article présente un calcul des corrections des hauteurs orthométriques de Helmert, les mettant & Jour selon la
définition plus rigoureuse. Les corrections pour chaque effet, ainsi que la correction totale comprenant les trois
effets, sont évaluées pour une zone d’essai au Canada qui comprend plusieurs types de terrains. La correction
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peut atteindre quelgues décimétres dans certaines zones montagneuses.

Introduction

An understanding of heights is essential to the
study of any field of geomatics, and the Canadian
height system—called Helmert Orthometric
Heights—is directly related to Earth’s gravity field
as well. This paper deals with the improvement of
the Canadian height system, as a result of varia-
tions in its gravity field, and in particular, with the
determination of corrections to Helmert orthomet-
ric heights to account for these variations. Other
etrors, such as those involved in levelling opera-
tions for height determination, or inaccuracies in
definition of the height datum, are not considered.

Orthometric height, geometrically, is the length
of a (curved) plumbline intersecting the geoid—an
equipotential surface having the same potential as
mean sea level—at a right angle, and the correspon-
ding point on the surface of the earth. The heights in
Canada were estimated by the 1928 adjustment of
levelling networks, resulting in the Canadian
Geodetic Vertical Datum 1928 (CGVD28). This
readjustment used Helmert orthometric heights in jts
calculations, as did later incarnations such as the

North American Vertical Datum 1988 (NAVDSE)
[Zilkoski et al. 1992].

Mathematically, orthometric height, He (£2) of
a point is defined as its geopotential number divid-
ed by the mean gravity along the plumbline
between that point and the geoid. The geopotential
number, defined as the difference between the
potential on the geoid and the potential at a surface
point, is determined from observed gravity and
height differences between that point and mean sea
level, realized at the surface of the earth.

The mean valse of gravity along the
plumbline, here shortened to mean gravity, is not so
easily determined since the factors contributing to
this value are difficult to quantify and require more
complex mathematics for their evaluation.
Traditionally, mean gravity has only been approxi-
mately calculated according to Helmert’s method,
which accounts for gravity generated by the ellip-
soid, and approximates topography with a plate
extending to infinity, known as a Bouguer plate.
Since Helmert’s method was introduced, however,
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the attempt to calculate mean gravity has under-
gone significant evolutions. As pointed out in
Tenzer et al. [2005], those relevant are the inclusion
of local terrain effects in the calculation e.g.
Niethammer [1932] and Mader [1954], the intro-
duction of the effect of lateral anomalous density
variations [Vanilek et al. 1995; Allister and
Featherstone, 2001] and an examination of the
effect of the geoid-generated gravity disturbance
[Martin et af. 2003]. This paper presents an evalu-
ation of corrections to Helmest orthometric heights
required to account for these effects. Corrections
calculated in a Canadian context are presented
here, and an assessment of their behaviour is car-
ried out. The theoretical background is presented in
Santos et al. [2005].

Corrections to Helmert
Orthometric Heights

The Helmert method gives mean gravity along a
plumbline as [Heiskanen and Moriz, 1967,Eq. 4-24]:

3" () = g(r Q) + 0.0424H($) (1)

where g(r,£2) is the value of gravity at the point at
the surface of the earth with spherical coordinates €
and geocentric radius r,, and H{(C2) Is the orthometric
height of the surface at the same point. This in based
upon application of the Poincaré-Prey reduction to

surface gravity, assuming a linear gravity gradient
along the plumbline. It takes into account both nor-
mal gravity and the effect of a Bouguer plate having
a constant density of 2670 kg/m3. However, as
Santos et al. [2005] explain, these effects alone do
not provide a sufficiently accurate calculation of
mean gravity in all parts of Canada.

Mean gravity may be defined more rigorously
as a sum of calculable effects. Those related to
topography are shown in Figure 1, where the black
hills and valleys represent the contribution of ter-
rain roughness, and the columns of varying shades
of grey represent lateral density variations, and
their contribution. Vertical density variations and
effects of atmospheric masses are not shown, since
they are not considered herein.

In addition to the contributions shown in
Figure 1, gravity includes contributions not gener-
ated by topography. These are the gravity generat-
ed by the reference ellipsoid being used, and that
generated by masses within the geoid. The latter
exist in the no-topography (NT) space, a space
where the topography of earth has been removed,
which is convenient for some calculations. It was
introduced in Vanidek et al. [2004], which may be
referred to for further explanation.

Mathematically, the total gravity may be writ-
ten:

g(r ) =y (rL2) + &g (r L) +
e r Mg r N7 ).

Terrain
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Figure 1: Components of rigorous gravity related to topography.
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where (£} represents normal gravity (generated
by mass within the geodetic reference ellipsoid,
e.g. GRS-80 (e.g. Moritz [20001)); 8eNT (r ) tep-
resents the geoid-generated gravity disturbance
(generated by the anomalous mass within the

gg {r, Q) represents the effect on gravity of mass

geoid); Within a Bouguer shell of thickness H(£2),
assulning all mass has constant average crustal den-
gr(r, Q) represents the effect on gravity of terrain

sity; Varlations, or roughness, above and below the

Bounguer shell (ie. hills and valleys) of constant
average density; and g%(x £2) represents the effect on
gravity of lateral density variations from constant
average crustal density, within the topography.

Note that effects of atmospheric masses and of
radial density variations are neglected throughout
this paper. The effect of atmospheric masses is neg-
ligible because it is very small [Tenzer et al. 2005].
The density of air is around 125 kg/m?3, which is
less than 0.05% of average crustal density, resulting
in a minimal effect of atmospheric masses on gray-
ity. The effect of radial density variations has been
neglected because it is difficult to quantify due to
insufficient data on the radial distribution of densi-
ty within the crust.

It follows from Eq. (2 that gravity at a point
on the surface, g(#,,{2) is rigorously defined as,

80 L2) =y (r, ) + 0N (r, Q) +
ga(r ) + g% (r ) +2%(r .0, ()
and mean gravity, §(r .02} , given by the integral

mean of g(rL2) , as,

- ~ = e NT T T
glr )= A4(Q)+og (Q)+g5 () + & (2)
.
g7
(4}
where the bars over the terms represent integral
mean quantities.

By substituting Eg. (3) into the expression for
mean gravity according to Helmert’s method, Eg.
(1}, for a constant crustal density of 2670 kg/m3, we
obtain the following expression for Helmert mean
gravity:

Hpey oo Nr
g (Q) = /Y(rr’ﬂ)+5g (rz’Q}'i‘g; {rl’Q) +
galr oS0+ g% (r Q)+ 0.0424H(Q) .
(5)

The correction to Helmert’s mean gravity is
then given by finding the difference between Eq.
(5) and the rigorous mean gravity given by Eq. (4).

In this operation, the contributions of normal grav-
ity and gravity generated by mass within the

Bouguer shell, along with the last term on the right-
hand side of Eq. (5}, effectively cancel each other
out [Santos et al. 2005]. Thus,

Eg(ﬂ)

112

g g"(0)

g (@)-d8"r ) @
+g§(mug§(r,.ﬂ) +
+g"(Q)-¢"(r Q) +

and the only terms of the correction which must be
calculated are those resulting from the mean and
surface effects on gravity of terrain roughness, the
laterally varying density distribution, and the
geoid-generated gravity disturbance. Once these
terms have been calculated, the corresponding cor-
rection to Helmert orthometric heights may be
determined using (cf. Heiskanen and Moritz
(19673, chap 4):

1%

£ ()= L, M

Corrections thus calculated may then be
applied to levelling benchmarks, or any orthomet-
ric heights defined in the Canadian height system.

The Test Area

Software has been written to calculate the cor-
rections to Helmert orthometric heights for the
three effects shown in Eq. (6), and the source code
is available from the primary author upon request.
These calculations were performed using a regular
grid of points 5 feet apart, to provide suitable reso-
lution for plots of the area, within a test area
stretching from 49° to 54° in latitude, and 235° to
243° east in longitude. This area was chosen
because its characteristics produce extreme results
for each of the three effects calculated. Although it
only represents a small segment of Canada’s land-
mass, it contains both rugged and flat terrain, and
seashore, so that the nature of the effects in many
other areas may be judged from the results.

Heights in the test area range from 0 m to 3227
m, and laterally varying densities, based on surface
geology, range from 2490 kg/m3 to 2980 kg/mS.
Since the average crustal density is 2670 kg/mS3,
assumed constant, this corresponds to laterafly vary-
ing anomalous densities between -180 kg/m® and
310 kg/m3. Geoid-generated gravity disturbances
ranged from -266 mGal to -16 mGal. The distribu-
tions of height, anomalous density, and gravity
anomalies are shown in Figures 2, 3 and 4.
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Figure 3: Laterally-varying anomalous densities within the test area, anom-
alous density indicated by tone, Data from the Geological Survey of Canada.
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Figure 4; NT Geoid-generated gravity disturbances within the test area, 50
mGal contours.
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The Effect of Terrain
Roughness

The effect of terrain roughness, sometimes
called just “the terrain effect” on gravity may be
evaluated by integration of effects of surplus mass
above the Bouguer shell, and mass deficit below
the Bouguer shell, indicated by the black shaded
area in Figure 1.

The terrain effect on mean gravity may be eval-
uated either as a simple average of the effect on grav-
ity at the Farth’s surface and on the geoid, according
to the method of Mader {1954, or using an integral
mean, If the integral mean approach is applied, it
may be done using the Niethammer {1932]
approach, in which the integral mean is approximat-
ed by calculating the effects on gravity at a series of
points along the plumbline and averaging these
results. Alternatively, according to a recent method
developed at the University of New Brusswick
(UNB), the contribution of terrain roughness to grav-
jtational potential at the surface and on the geoid
may be calculated, and divided by orthometric
height, to determine an exact value of the effect on
mean gravity (e.g. lenzer et al. [2005], Bq. 21).
Although results from all three methods are similar,
the present study confirms that the UNB method is
the most effective due to its speed and accuracy.

For the calculation of both effects, integration
of mass surpluses and deficits is performed within
a spherical cap of 3°, using the analytical solution
for the radially integrated negative radial derivative
of the Newton’s integral kernel, with the assump-
tion that any masses outside of this area may be
neglected in this calculation. The integral kernel is
[e.g. Martinec 1998]:

reos L[]} - - . (8)

N{rap[Q, 0 r' )=
(r 1:’:’[ ]r ) Ps(’_,;&m’n,}ﬁ)

where r is the geocentric radius of the computation
point, 7' is the geocentric radius of the integration
point, YiQ,Q7 is the spherical angle between the
computation point and the integration point, and
Ir W, is the distance between the computa-
tion and integration points. The assumption that the
effect of terrain beyond 3° is negligible is based on
test computations with varying sizes of spherical cap
over a test area. DTM data in three integration zones
provides a basis for numerical integration. In the
innermost zone, a 15-minute by 15-minute square
centred on the computation point, 3-second data is
used. In the inner zone, a 200-minute square, 30-
second data is used. Within the rest of the spherical



G E

cap, >-minute data is used, These parameters were
all determined, like the radius of the spherical cap,
by variation of each parameter for a test area.
Furthermore, interpolation is performed to divide the
central 3-second cell into four 1.5-second cells to
make the integration accurate enough. Integration is
performed to determine both the effect on mean
gravity, and the effect on surface gravity. Once these
are found, they are subtracted according to Eq. (6) to
determine a cogrection to Helmert’s mean gravity for
terrain  roughness. Note that the total effect on
Helmert’s mean gravity would have the opposite
sign of this correction.

Values of this correction within the test area
ranged from 106 mGal to -25 mQGal, while the corre-
sponding corrections to Helmert orthometric height,
calculated according to Eq. (9), ranged from 4.6 cm
to -31.0 cm, and may be seen in Figures 5 and 6.

Effects related to roughness should be expect-
ed to peak where the terrain does, and this behav-
iour is seen in Figures 5 and 6. While it may appear
at first glance as though the correction follows the
height of terrain almost exactly, Figure 6 shows that
this is not the case. For example, notice that the val-
leys that are distinctly defined in the topographic
map of Figure 2 are not easily distinguished in the
corrections given in Figures 5 and 6. This behav-
iour is expected, since the terrain effect on gravity
is a function of roughness, rather than height of the
computation point. Also, notice that the terrain in
the middle of the map, having a more gradual
slope, produces lower correction values, while the
values peak sharply in rough terrain. While greater
heights may amplify the correction, rough terrain is
also necessary for it to be significant.

The Effect of Laterally-varying
Anomalous Density

The effects of the Bouguer shell and of terrain
are both evaluated assuming constant topographical
density, and thus do not inclade the effect of densi-
ty variations. While sufficient data are not available
to calculate the effect of radial density variations,
the effect of lateral variations may be calculated,
thus accounting to some extent for the influence of
density variations,

The effect of lateral density variations on gravi-
ty is caleulated first by obtaining a series of density
values for polygons within the area, and then sub-
tracting from these the average crustal density of
2670 kg/m3. This results in a series of density differ-
ences for the poiygons, which may be thought of as
columns of positive or negative density anomalies,
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Figure 5: Correction to Helmert mean gravity for terrain roughness within

the test area, 40 mGal contours.
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Figure 6: Correction to Helmert orthometric heights for terrain roughness

within the test area, 10 cm contours.

extending from the surface of the geoid to the
Earth’s surface, as indicated in Figure 1. For a more
detailed description, see Huang et al. [2001].

To caiculate exactly the effect of these anom-
alous density columns on gravity requires integra-
tion of the mass surpluses and deficits within these
columns, using the same Newton kernel as for the
terrain effect. Practically, however, the variations in
height of these columns above and below the
Bougner shell—i.e, their influence on the terrain
effect—may be neglected.

Integration was performed over two integration
zones, the inner zone and the middle zone. Within
the inner zone, which was 5-minute square, integra-
tion points were spaced 3-second apart, and density
anomaly values were interpolated to these points.
Within the middle zone, which was 10-minute
square, integration points were spaced 30-second
apart and were located in the centre of cells of the
input density data. As with the terrain effect calcu-
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Figure 7: Correction to Helmert mean gravity for laterally-varying anom-

alous density within the test area, 10 mGal contours.
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Figure 8: Correction to Helmert orthometric heights for laterafly-varying

anomalous density within the test area, 2 cm contours,
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Figure 9: Correction to Helmert mean gravity for the geoid-generated gravity

disturbance within the test area, 10 mGal contours.
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lations, these values were determined by varying one
parameter while holding the others fixed.

Calculation of the effect on mean gravity may
be performed using the same three methods as for
caleulation of the terrain roughness effect.
However, the difference in results using these three
methods is less than half a centimetre within the
test area. Stili, the UNB method is preferred and
was used for calculations, for the same reasons as
with the terrain effect: speed and accuracy.

The cortection to Helmert mean gravity for lat-
erally-varying anomalous density over the test area
varied from 14 mGal to -24 mGal. Corresponding
corrections to height, computed in a regular grid,
varied from 6.5 cm to -4.5 cm, with both corrections
correlated to both density and height. These results
are also similar to those presented in Tenzer et al.
{2003}, whose corrections, calculated for Canadian
levelling points, ranged from 3.4 cm 10 -19 cm.
Because the actual density in the test area was gen-
erally greater than average topographic density, the
effect of the laterally-varying density distributions
on height was normally positive. Itis also notewor-
thy that the effect on mean gravity is very small,
and might normally be negligible, the magnitude of
the correction coming mainly from the effect on
surface gravity. Results for the test area are shown
in Figures 7 and 8.

Figures 7 and 8 show a tendency for both the
mean gravity and height corrections to peak where
the terrain does, as with the terrain roughness effect;
though the tendency is not so pronounced here. This
is to be expected, since while the effect of lateral den-
sity variations within a Bouguer shell is a function of
height, the lateral density variations amount to no
more than about 10% of the average crustal density,
so that their influence on gravity is relatively small.
Also, the magnitude of this effect is generally small,
in part because anomalous densities are significantly
smaller than average topographical density.

The Geoid-Generated
Gravity Disturbance

The geoid-generated gravity disturbance repre-
sents the effect of the geoid’s mass on gravity. The
effect on gravity at the surface may be found by
upward continuation of the disturbance, referred to
the geoid’s surface, to the Earth’s surface. This is
done using Poisson’s integral {Kellogg 19291
Radial integration, using this kernel, is performed
over a spherical cap with radius of 7° from the
computation point. Disturbances referred to the
geoid may be found by removing the secondary
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indirect topographical effect from the NT gravity
anomaly referred to the geoid [Tenzer ef al. 2005].
Note, however, that this effect may also be calcu-
lated directly using downward continuation of
gravity disturbances referred to the Earth’s surface.

The upward continuation calculation used
gravity disturbance data given in a regular grid with
S-minute spacing. Integration was done in two
zones, with integration in a 1(-minute square inner
zone performed separately from that over the rest
of the 7° spherical cap. In the inner zone, a planar
approximation of distance was applied in evalua-
tior of the Poisson kemel, and the 5-minute mput
data was interpolated to create a regular 30-second
grid. The size of each zone was determined by
varying its radius while holding that of the other
zone constant, The S-minute spacing simply
reflects the available data, while the 30-second
interpolation of data was determined by varying
interpolation intervals until the effect on results
from any finer interpolation was negligible.

The mean effect on gravity may either be
approximated by upward continuation of the distur-
bance to a point halfway along the plambline, or
directly evaluated using an integral mean. In the
latter case, a formula for the indefinite integral of the
Poisson kernel has been provided by Tenzer et al.
[2005], Eq. (9, which is employed, slightly adapted
to use a planar approximation of spherical distance
in the inner zone, in calculation of the mean geoid-
generated gravity disturbance. Both technigues
produced results no more than 5 mm apart, but the
results from the integral mean approach were
accepted as more accurate [Martin et al. 2003].

Resalts for the correction to Melmert mean
gravity over the test area vary from -66,1 mGalto 8.9
m@Gal, and for the correction to Helmert orthometric
heights from -0.1 em to 21.0 cm. As expected, the
differences between gravity disturbances on the
geoid, and mean or surface gravity disturbances, vary
according to the height of the computation point. It
also follows that the magnitude of corrections is
correlated with height of the computation point,
though it is also correlated with the magnitude of the
geoid-generated gravity disturbances. Distribution of
the results is shown in Figures 9 and 10,

Total Corrections to Helmert
Orthometric Height

These three corrections must be added together
to determine a final correction to Helmert orthomet-
ric heights. The results for the final correction to
mean gravity ranges from -0.3 mGal to 58.4 mGal.
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Figure 10: Correction to Helmert orthometric heights for the geoid-generated
gravity disturbance within the test area, 5 cm contours.
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Figure 11: Total corrections to Helmert mean gravity for the spherical terrain
effeet, the effect of laterally-varying anomalous density, and the geoid-generated
gravity disturbance, within the test area. 30 mGal contours.
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Figure 12: Total corrections to Helmert orthometric height for the spherical
terrain effect, the effect of laterally-varying anomalous density, and the geoid-
generated gravity disturbance within the test area. 5 cm contours.
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These correspond to corrections to Helmert’s ortho-
metric height from -17.1 cm to 14.2 cm. In the final
summation, the geoid-generated gravity distur-
bances and the terrain roughness often cancel each
other within the test area, where the geoid-generat-
ed gravity disturbances are often negative. While
the correction resulting from anomalous density
occasionally worked in the opposite direction to the
terrain effect, in the highest parts of the test area —
where the influence of the density correction i8
amplified — it worked in the same direction as the
terrain effect, making the overall correction larger.
The corrections to gravity over the test area are
given in Figure 11; and the corrections to height in
Figure 12.

Figure 11 shows that the correction to gravity
has a tendency to peak in areas of rough terrain,
where the main factor in these corrections — the ter-
sain roughness effect — is at its greatest, and where
the influences of height on the other iwo correc-
tions is also at a maximum. While these gravity
corrections may be the most effective means of see-
ing which effects have the greatest contribution to
the final height corrections, it is the height correc-
tions themselves which this paper sets out to
describe. They are generally small, with a tendency
to peak in rough terrain at high elevations. In most
low-lying areas, the total correction is under 5 cm;
while in more rugged areas it reaches as high as 17
cm in magnitude.

A summary of all contributions and total
effects is provided in Table 1, below.

Summary and Conclusions

Helmert’s standard method for determining
orthometric height is not adequate to determine
heights having accuracy less than 1 cm in all areas of
Canada. In a test area in the Rocky Mountains, cor-
rections for three effects were calculated: the effect
of terrain roughness, the effect of laterally-varying

anomalous density, and the geoid—generated gravity
disturbance. The total correction reached a maxi-
mum of decimetres in magnitude. If Canadian
heights are to be considered rigorous, these effects

must be taken into consideration—especially in
mountainous areas, like the Rockies.
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