
An Attempt for an Amazon Geoid Model Using Helmert
Gravity Anomaly

D. Blitzkow, A.C.O.C. de Matos, I.O. Campos, A. Ellmann, P. Vanı́ček and M.C. Santos

Abstract This paper describes the computation of
a geoid model for the Amazon Basin (GEOAMA)
limited by 5◦N and 10◦S in latitude and 70◦W and
50◦W in longitude. The software package SHGEO
developed by the University of New Brunswick,
Canada, was used for the calculation. The geoid
model was derived by using the following data: digital
terrain model SRTM3 (Shuttle Recovery Topography
Mission) version 2.0 with 3” grid, the geopotential
model EIGEN-GL04S1, degree and order 150, derived
from GRACE satellite, and terrestrial gravity data
basically observed along the rivers. For GEOAMA
validation the longitudinal profiles of some rivers over
the basin derived from three geoid models (EGM96,
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MAPGEO2004 and EIGEN-GL04C) combined with
geodetic heights from 28 GPS stations close to the
tide gage stations were used. The results show that
GEOAMA is in good agreement with the EGM96,
MAPGEO2004 and EIGEN-GL04C profiles and
with the average of the main rivers (Solimões and
Amazonas) gradient (20 mm/km). MAPGEO2004 has
been the official geoid model in Brazil since 2004.
It was developed by Brazilian Institute of Geography
and Statistics (IBGE) and Surveying and Geodesy
Laboratory of the University of São Paulo (LTG/USP).
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1 Introduction

The Amazon rainforest has been a challenge for scien-
tists that study the dynamics of changes in this area.
It is considered the largest hydrographic basin in the
world with 6, 110, 000 km2, extending from the Andes
to the Atlantic Ocean, with 6 countries involved and
∼4.7 million km2 (68%) in Brazil (Campos, 2004).
The main river has two denominations: from the bor-
der of Peru to Manaus, it is called Solimões, and from
Manaus to the Atlantic Ocean, it is called Amazonas.
In general, the Amazon region is very flat and for this
reason the river gradient is very small. In Manaus, for
example, the height of the water level during the dry
season is only about 12 m above the mean sea level.
The vertical reference network in Amazon region is es-
sential for hydrological and hydrodynamical studies, to
compile a regional Digital Terrain Model (DTM) and to
construct topographic maps.
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Nevertheless, due to the lack of roads and the forest
density, it is impossible to carry out spirit levelling
for establishing a vertical network in the region. An
alternative is to use satellite geodesy associated with a
geoid model. This paper presents a particular effort to
establish the geoid model GEOAMA for the Amazon
Basin, limited by 5◦N and 10◦S in latitude and 70◦W
and 50◦W in longitude. GEOAMA was computed
using EIGEN-GL04S1 up to degree and order 60 as
the reference field. The reduced Helmert mean gravity
anomalies in blocks of 5′ were estimated in continental
areas. For the ocean KMS-2002 satellite altimetry
model was used (Andersen and Knudsen, 1998). The
digital terrain model SRTM3, version 2, was chosen
for computing the new geoid. The processing of the
modified Stokes integral was carried out using the
Stokes-Helmert’s geoid software (SHGEO), which
is a precise scientific package for gravimetric geoid
determination based on the Stokes-Helmert approach
(Ellmann and Vanı́ček, 2007). The present effort is
involved in the context, of a major project of LTG/USP
with GeoForschungsZentrun (GFZ), Germany, and
Institut de Récherche pour le Dévéloppement (IRD),
France, for hydrological and gravity variations studies
in Amazon. The GEOAMA is an advanced version
with respect to MAPGEO2004 (IBGE,2004; Lobianco
et al., 2005). In fact, MAPGEO2004 was computed us-
ing EGM96 up to degree and order 180 as the reference
field. The reduced Helmert mean gravity anomalies
were estimated in blocks of 10’. For the ocean KMS-
99 satellite altimetry model was used (Andersen and
Knudsen, 1998). The DTM used obtained from the
digitalization of topographic maps, combined with
GLOBE model (Hasting and Dunbar, 1999), where
topographic maps were unavailable had a resolution of
1′ × 1′. The processing of the modified Stokes integral
was carried out using FFT technique.

2 Data Set

The following data set was used for the gravimetric
geoid computation and its validation over the Amazon
area: (1) free-air gravity anomalies; (2) geopotential
model for computing the long wavelength component
of the geoid and of the gravity anomaly; (3) a high-
precision DTM for the computation of terrain correc-
tion and other topographic effects on geoid modeling;

and (4) a set of GPS geodetic heights on the levelling
network as control points. This data set is reviewed in
the sequel.

2.1 Terrestrial Gravity Data

The terrestrial gravity data used in this study has
been provided by Petrobras (Brazilian oil company).
The observations, a total of 98,176 points, were
taken basically along-side the Amazon, Solimões and
Madeira rivers in the 1960’s. The majority of the data
was measured by LaCoste&Romberg gravitymeter
with 0.1 mGal accuracy (Lobianco, 2005). Figure 1
shows the spatial distribution of the points within our
target area. Note that due to the rainforest there are
vast gravity data gaps.

Fig. 1 Gravity data for the Amazon region

2.2 Geopotential Model

The “satellite-only” model EIGEN-GL04S1, devel-
oped up to degree 150, was used to generate the long
wavelength contribution of the geoid. On the other
hand, EIGEN-GL04C was used to compute the gravity
anomaly in the gaps. The latter is a combination of
GRACE (Gravity Recovery and Climate Experiment)
and LAGEOS satellite missions plus 0.5◦ × 0.5◦ grid
of gravimetry and altimetry surface data and it is
complete to degree and order 360 in terms of spherical
harmonic coefficients (Förste et al., 2006).
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2.3 Digital Terrain Model

Gravimetric geoid computation by the Stokes integral
requires gravity data referred to the sea level. To
ensure the harmonicity of the quantities to be down-
ward continued from the topographic surface to the
geoid level Helmert’s second condensation method is
often applied. A DTM is used to compute the terrain
correction and the indirect effect on the geoid. The data
gridding is also an important issue. The mean free-air
gravity anomalies used in this study were obtained via
mean complete Bouguer anomalies by an approach
discussed in Janák and Vanı́ček (2005). For the present
study, we have a suitable gridded topography with a
grid size of 3′′ × 3′′ (approximately 90 × 90 m) from
SRTM3 version 2. The SRTM heights are referred to
the EGM96-derived geoid and the coordinates in the
WGS84 reference ellipsoid (Lemoine et al., 1998a;
Lemoine et al., 1998b; Hensley et al., 2001; JPL, 2004;
Farr et al., 2007). Over the areas with no SRTM3
information available the 30′′ × 30′′. DTM2002
topographic model (Saleh and Pavlis, 2002) was
used instead. The DTM2002 combines data from
GLOBE (Global Land One-kilometer Base Elevation),
version 1.0, constructed by NOAA/NGDC (Hasting
and Dunbar, 1999), and ACE (Altimeter Corrected
Elevation), from Earth and Planetary Remote Sensing
Laboratory, University of Montfort, UK. The global
ACE model is derived from altimetry data (Johnson
et al., 2001). The heights are referred to the Mean
Sea Level. The DTM2002 data was thinned down to
90 × 90 m, i.e. the same spatial resolution as adopted
by the SRTM3 model.

2.4 Control Points

In the framework of the Hydrology and Geochemistry
of the Amazon Basin (HiBAm) international research
program, there was an attempt to determine the heights
at various control points (zero of limnimeters scale)
along the Amazon region rivers, with reference to a
consistent origin (geoid) (Kosuth and Cazenave, 2002;
Campos, 2004). A total of 28 stations were selected to
carry out GPS observations on Bench Marks (BM) es-
tablished for this purpose as close as possible to the
limnimeters. The GPS/levelling data have been con-
nected to the control points by spirit levelling.

3 Geoid Computations

The SHGEO precise geoid determination software
was employed to compute the GEOAMA geoid
model. This package has been developed under the
leadership of Professor Petr Vanı́ček at the Department
of Geodesy and Geomatics Engineering, University of
New Brunswick (UNB), Canada.

This software (Ellmann, 2005a,b) uses Stokes-
Helmert method. The gravity anomalies over the
entire Earth are required for the geoid determination
by the original Stokes formula. In practice, the area
of integration is limited to some domain around
the computation point, usually circular. The Stokes
equation used to compute the geoidal heights (Ellmann
and Vanı́ček, 2007) is

N (Ω) =
R

4πγ0(φ)

∫∫
Ωψ0

SM (ψ0, ψ(Ω,Ω ′))Δg(rg,Ω)dΩ ′

+ R

2γ0(φ)

M∑
n=2

2

n − 1
Δgh

n (rg,Ω)

+ δV t (rg,Ω)

γ 0(φ)
+ δV a(rg,Ω)

γ 0(φ)
(1)

where

Δg(rg,Ω) =
(
Δgh(rg,Ω) −

M∑
n=2

Δgh
n (rg,Ω)

)
(2)

The geocentric position (r,Ω) of any point can
be represented by the geocentric radius r and a pair
of geocentric coordinates Ω = (φ, λ), where φ and
λ are the geocentric spherical coordinates; R is the
mean radius of the Earth. The modified Stokes kernel
SM (ψ0, ψ(Ω,Ω ′)) can be computed according to
Vanı́ček and Kleusberg (1987), where ψ(Ω,Ω ′) is the
spatial geocentric angle between the computation and
integration points; dΩ ′ is the area of the integration
element. The UNB approach works to minimize the
truncation bias, i.e., uses the low-frequency part of
the geoid described by a global geopotential model
and a spheroid of degree M as a new reference
surface (Vanı́ček and Sjöberg, 1991) instead of the
Somigliana-Pizzeti reference ellipsoid. The upper
limit (M) for the modified Stokes kernel (geopotential
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model) used in this case was set to 60. This option
showed good agreement with GPS/levelling data.

In the right-hand side of Eq. (1) the first term is
the Helmert residual co-geoid. Since the low-degree
reference gravity field is removed from the anoma-
lies before the Stokes integration (Eq. (2)), the long-
wavelength contribution to the geoidal height (Heiska-
nen and Moritz, 1967), i.e., the reference spheroid must
be added to the residual geoid (the second term on the
right-hand side of Eq. (1)). The sum of the first and
second terms results with Helmert co-geoid. The third
term on the right-hand side of Eq. (1) is the primary
indirect topographical effect (Martinec, 1993) and the
last term is the primary indirect atmospheric effect
on the geoidal heights (Novák, 2000). Accounting for
the indirect effects is needed to transform the Helmert
geoidal heights back into the real space.

The gravity anomaly referred to the geoid surface
of Eq. (2) (Δgh(rg,Ω)) is obtained by downward con-
tinuation. It is solved using the Poisson integral equa-
tion (Heiskanen and Moritz, 1967). This equation had
originally been designed as a formula for the upward
continuation of harmonic quantities. It can be written
as (Kellogg, 1929)

Δgh(rt ,Ω)

= R

4πrt (Ω)

∫∫
Ω ′∈Ω0

K ′Δgh(rg,Ω
′)dΩ ′ (3)

where K ′ = K [rt (Ω),ψ(Ω,Ω ′), R] is the spheri-
cal Poisson integral kernel (Sun and Vanı́ček, 1998).
Downward continuation is an inverse problem to the
original Poisson integral.

The term Δgh(rt ,Ω), on the left-hand side of
Eq. (3), is the Helmert gravity anomaly referred to
the Earth’s surface; it can be obtained by (Vanı́ček
et al., 1999)

Δgh(rt ,Ω) = Δg(rt ,Ω) + δAt (rt ,Ω)

+ 2

rt (Ω)
δV t (rt ,Ω) + δAa(rt ,Ω)

+ 2

rt (Ω)
δV a(rt ,Ω) + εδg (rt ,Ω) − εn(rt ,Ω) (4)

The first term on the right-hand of the Eq. (4) is free-
air anomaly; the second and third terms are the direct
and secondary indirect topographic effects on the grav-
itational attraction. Other terms are non-topographical

corrections to the Helmert gravity anomaly, such as
the direct atmospheric effect, the secondary indirect at-
mospheric effect, ellipsoidal correction for the gravity
disturbance and ellipsoidal correction for the spherical
approximation.

The 5′ × 5′ grid of the mean free-air gravity anoma-
lies (Fig. 2) was computed from point gravity data.
The EIGEN-GL04C derived anomalies were used
to fill gaps with no terrestrial gravity data. Over the
ocean, the satellite altimetry-derived gravity anomalies
(Global Marine Gravity, 2 arcminute) were used. This
model was produced by the Geodetic Division of
Kort og Matrikelstyrelsen (KMS2002), the National
Survey and Cadastre of Denmark, processing Geosat
and ERS-1 satellite altimetry data (Andersen and
Knudsen, 1998).

The computed Amazon geoid model is shown in
Fig. 3.

Fig. 2 Mean free-air gravity anomalies

Fig. 3 Geoid heights in the Amazon region
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4 Geoid Validation

It has been used the 28 control points (limnimeters)
available in Amazon (§2.4) with geodetic coordinates
(φ, λ, h) referred to the zero of the limnimeter scale.
In a first step of the validation, the geoidal height
(height anomaly) has been estimated in these points
using EGM96 (A) (Lemoine et al., 1998a,b), MAP-
GEO2004 (B) (Lobianco et al., 2005) and EIGEN-
GL04C (C) (Förste et al., 2006) for comparison with
GEOAMA (D). Table 1 shows the 28 control points
and their respective geoidal height differences among
GEOAMA and the three referred models (D-A, D-B
and D-C). The statistics are presented in the Table 2.

The biggest differences between GEOAMA and
EGM96 are close to the Amazonas estuary; Tabatinga
and Santo Antonio do Iça in Solimões River (Fig. 4);
and Vista Alegre, Novo Aripuanã and Humaita in
Madeira River (Fig. 5). Looking to the RMS (Root
Mean Square) difference, the column D-C shows a
smaller value. It means that EIGEN-GL04C fits much

Table 2 Statistics among GEOAMA (D) and EGM96 (A),
MAPGEO2004 (B) and EIGEN-GL04C (C)

D-A (m) D-B (m) D-C (m)

Mean −0.28 −0.02 0.19
RMS 0.52 0.61 0.38
Maximum 0.75 1.12 1.11
Minimum −1.32 −0.91 −0.57

better than the others to GEOAMA (Figs. 4 and 5).
A special attention was addressed to the comparison
of GEOAMA with MAPGEO2004. Both models
employ the same terrestrial gravity data, but different
geopotential models, respectively EIGEN-GL04S1
and EGM96, as well as different upper limit for the ref-
erence field, degree and order 180 for MAPGEO2004
and 60 in the case of GEOAMA. MAPGEO2004
used “remove-restore” technique together with the
modification of Stokes kernel proposed by Vanı́ček
and Kleusberg (1987), in Fast Fourier Transform
(FFT) approach. The GEOAMA has a finer spatial
resolution (5’ grid) than the MAPGEO2004 (10’ grid).

Table 1 The 28 control points and their respective geoidal height differences, water levels (NA) for Solimões, Amazonas and
Madeira Rivers (June 26, 1999) and estuary distance

Station D-A (m) D-B (m) D-C (m) NA (m) Dist. (km)

1 Tabatinga 0.75 1.12 1.11 12.33 3182.7
2 São Paulo de Olivença −0.10 0.76 0.62 14.23 2932.5
3 Santo Antonio do Iça −0.55 0.14 0.43 14.09 2785.0
4 Fonte Boa −0.43 0.09 0.27 22.2 2436.3
5 Comunidade das Missões −0.34 0.08 0.00 15.53 1915.6
6 Itapeuá −0.19 0.07 0.20 17.34 1710.3
7 Manacapuru −0.37 −0.29 0.16 20.01 1395.9
8 Porto Trapiche 15 −0.21 −0.13 0.03 29.30 1319.8
9 Itacoatiara −0.21 −0.27 −0.03 – 1109.3
10 Parinfins −0.21 −0.18 0.33 8.75 897.7
11 Óbidos −0.02 −0.35 0.37 7.69 733.2
12 Santarém −0.05 −0.41 0.63 7.20 585.5
13 Prainha −0.24 −0.16 0.81 4.05 408.4
14 Almerim −1.32 −0.82 −0.07 – 303.5
15 Porto de Moz −1.05 −0.91 0.18 3.48 265.1
16 Igarape Aruanã −0.92 −0.90 0.34 – 210.2
17 Gurupá −1.04 −0.81 0.08 – 214.3
18 Porto de Santana −0.99 −0.81 −0.26 0.00 39.0
19 Vila Urucurituba −0.36 −0.24 −0.20 – 28.7
20 Nova Olinda do Norte −0.46 −0.19 −0.29 18.86 77.7
21 Borba −0.38 0.01 0.11 18.70 164.4
22 Vista Alegre −0.69 −0.28 0.02 17.59 254.8
23 Novo Aripuanã −0.59 −0.29 −0.08 17.91 307.6
24 Manicoré 0.18 0.83 0.26 18.10 454.5
25 Vila Carara 0.45 1.09 0.69 – 683.8
26 Humaitá 0.74 0.87 0.45 14.66 801.6
27 Conceição da Galera 0.37 0.79 −0.38 – 906.9
28 Porto Velho 0.28 0.74 −0.57 7.73 1042.3
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Fig. 4 Geoidal height differences among GEOAMA and EGM96, MAPGEO2004 and EIGEN-GL04C for Solimões and Amazonas
rivers

The biggest differences between the models are close
to the Amazonas estuary, at the Solimões River close
to Brazilian border with Peru and Manicoré to Porto
Velho at Madeira River.

A second step in the validation of GEOAMA com-
prises the estimation of the orthometric height at the
limnimeters HZ E RO (zero of the scale) for 21 of 28
stations. The equations used to compute HZ E RO are

Fig. 5 Geoidal height differences among GEOAMA and EGM96, MAPGEO2004 and EIGEN-GL04C for Madeira river
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Fig. 6 Water level for Amazonas, Solimões and Madeira Rivers – MAPGEO2004 and GEOAMA (June 26, 1999)

HG P S−ST A ≈ h − N (5)

HZ E RO = HG P S−ST A ± dn (6)

where dn is the spirit leveling height difference be-
tween GPS point and the control point.

The consistency of the models can be checked
against the analysis of the river longitudinal profile
both at high or low water level season. The choice
was for the high level. Table 1 shows water levels
(NA) for Solimões, Amazonas and Madeira rivers
at June 26, 1999, derived from 21 control points,
as a function of the estuary distance (Table 1, last
column), Atlantic Ocean for Amazonas/Solimões and
Amazonas for Madeira. The level of the water in the
rivers, in particular in Amazon where the slope of the
rivers is small, is a natural source of comparison of the
height estimation using the different geoid models.

The value of NA at the specific date, added to
HZ E RO , provides the height of the water surface,

z = HZ E RO + N A (7)

The average gradient of the main rivers (Solimões
and Amazonas) is, from Tabatinga to the ocean, ap-
proximately equal 20mm/km (CPRM, 1999). Using
the different geoid models related to this paper (MAP-
GEO2004, EIGEN-GL04C and GEOAMA), the gradi-
ent was estimated for each interval of the 21 control
points and averaged for the total distance. The values
derived are 23.09, 23.24, 22.52 mm/km, respectively.

Figure 6 shows height of the water surface (z) versus
estuary distance for the main rivers and Madeira river
with respect to GEOAMA and MAPGEO2004 at June
26, 1999.

5 Conclusion

The smallest mean difference is between GEOAMA
and MAPGEO (−2 cm), whereas the smallest spread is
between GEOAMA and EIGEN-GL04C (38 cm). The
most likely reasons for the control points differences
between GEOAMA and MAPGEO2004 stem from dis-
crepancies between their reference fields (EGM96 for
MAPGEO2004 and EIGEN-GL04C for GEOAMA)
and the resolution of GEOAMA (5′ grid).

Due to the fact that Amazon is a very flat region, the
rivers slope is very low. So, the analysis of the height of
the water surface (z) is a very important information for
the validation of the geoid model. The different geoid
models analyzed fit quite well to the height of the water
surface (z) of the three rivers (Solimões, Amazonas and
Madeira), at June 26, 1999. But, the GEOAMA has the
best approximation to the historical data of the main
rivers (∼20 mm/km).
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l’Amazone, rapport, project PNTS 00/0031/INSU, rapport
d’activités 2000–2001, 2002, 39 p.

Lemoine, F.G., N.K. Pavlis, S.C. Kenyon, R.H. Rapp, E.C.
Pavlis, B.F. Chao (1998a). New high-resolution modle devel-
oped for Earth’ gravitational field EOS, Transactions, AGU,
79, 9, March 3, No 113, 117–118.

Lemoine, F.G., S.C. Kenyon, J.K. Factor, R.G. Trimmer,
N.K. Pavlis, D.S. Chinn, C.M. Cox, S.M. Klosko,
S.B. Luthcke, M.H. Torrence, Y.M. Wang, R.G. Williamson,
E.C. Pavlis, R.H. Rapp, T.R. Olson (1998b). The develop-
ment of the joint NASA GSFC and the National Imagery
and Mapping Agency (NIMA) geopotential model EGM96,
NASA/TP-1998-206861. National Aeronautics and Space
Administration, Maryland, USA.

Lobianco, M.C.B. (2005) Determinação das alturas do geóide
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Sun W., P. Vanı́ček, (1998). On some problems of the downward
continuation of the 5′ ×5′ mean Helmert gravity disturbance,
Journal of Geodesy 72, pp. 411–420.
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